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Abstract 



We study the structure of SU{b) F-theory GUT models that engineer additional f/(l) symme- 
tries. These are highly constrained by a set of relations observed by Dudas and Palti (DP) that 
originate from the physics of 4D anomaly cancellation. Using the DP relations, we describe 
a general tension between unification and the suppression of dimension 5 proton decay when 
one or more f/(l)'s are PQ symmetries and hypercharge flux is used to break the S'f/(5) GUT 
group. We then specialize to spectral cover models, whose global completions in F-theory we 
know how to construct. In that setting, we provide a technical derivation of the DP relations, 
construct spectral covers that yield all possible solutions to them, and provide a complete 
survey of spectral cover models for SU{5) GUTs that exhibit two U{1) symmetries. 
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1 Introduction and Summary 

Throughout the past few years, F-theory has emerged as a promising framework for engineering 
supersymmetric GUTs in string theory [H |2l |3l H] . The main focus has been on SU{5) GUTs, 
where internal fluxes make it easy to break the GUT group and remove Higgs triplets jH H]. 
Proton decay and large i?-parity violation can in principle be controlled through the introduc- 
tion of symmetries El E]- Most of the current literature makes use of U{1) symmetries for 
this purpose because they seem plentiful from many points of view. There are some subtle 
issues associated with them [8] but by now the task of realizing f/(l)'s is fairly well-understood 
for a large class of F-theory compactifications [U [TO] . 

Already in the early days of F-theory model building, though, it became clear that hyper- 
charge flux and U{1) symmetries are nontrivially linked. For model-building, we would like to 
distribute hypercharge flux freely among the matter curves but our ability to do this is strongly 
restricted when U{1) symmetries are present |6l [11]. The nature of these restrictions can be 
quantified using the Dudas-Palti relations, which were first observed by Dudas and Palti in a 
set of spectral cover models pjJ3- Letting qj/qa denote the common U{1) charge of lO's/5's 
that localize on a matter curve S^q/E^'', the Dudas-Palti observation can be written a^ 

V q^^ Fy= V qa [ Fy, (1.1) 

_ Jy{a) 

10 matter curves, i lo 5 matter curves, a 5 

^ While this paper was in preparation, the work |13 j appeared which studies constraints related to i?-parity 
that arise in the spectral cover models of 12 

^More generally, the anomaly cancellation argument of [14 leads to a generalization of in which each 
integration over E is multiplied by an integer Ms that corresponds to the rank of a vector bundle associated to 
matter fields on E. We can always absorb this factor by redefining the curve of integration as S — > Afj^S and 
this will be implicit in all of our formulae. This is motivated in large part by the observation that M^'s different 
than 1 in spectral cover models arise when the matter curve in the spectral cover is M^-fold degenerate. 
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where Fy denotes the hypercharge flux. These relations have a physical origin in that they 
reflect the inability of hypercharge flux to contribute to mixed U{1) anomalies in 4-dimensions 
[H] . As we shall review in section 12.11 this property of hypercharge flux seems to be a general 
one that applies to all SU{5) F-theory GUT models regardless of how they are constructed 
so that (11. ip represents a general set of constraints. This is important because (11. ip has 
strong implications for model-building. If we demand that the massless spectrum of our model 
is precisely that of the MSSM, (II. ip implies that the only flavor-blind U{1) symmetry we can 
engineer is the unique linear combination of U (l)y and U (1) b-l that commutes with SU (5)gut 
and preserves the MSSM superpotential [121 E]- This U{1), which we refer to as U{1)^, has 
two related shortcomings: the operators responsible for generating a /i term and dimension 5 
proton decay are both f/(l) ^-invariant 

W.r^flH^H,, Wj,,^,r^jQ^L. (1.2) 

As is well-known, the fi and dimension 5 proton decay problems are not completely unre- 
lated. After all, and W^Dim 5 carry opposite charges under any f/(l) that commutes with 
SU (5) GVT and preserves the MSSM superpotential. This means we can address both by in- 
sisting that our model exhibit a U{1) symmetry with respect to which and if^ do not 
carry exactly opposite charges. Such ?7(l)'s are typically referred to as PQ symmetries and 
have played a prominent role in both local and global studies of F-theory GUTs in the past 
[IS, HSl HI] . Whenever a U{1)pq symmetry is present, though, (II. ip forces the introduction 
of new charged exotics into the spectrum that do not come in complete GUT multiplets. To 
make progress, one must flnd a suitable mechanism to lift these exotics and deal with the 
consequences of their non-GUT nature. 

1.1 F-theory GUTs with U{1)pq: GeneraUties 

In this paper, we begin by exploring the implications of (II. ip for generic F-theory GUT models 
beyond the simple statement that U{1)pq symmetries necessitate exotics. Of interest to us is 
the precise nature of the exotic spectrum and how (11.10 constrains it. While incomplete GUT 
multiplets will generically spoil uniflcation, certain combinations of them will not. If our exotic 
spectrum can be made to arise in such a combination, we can reap the beneflts of having one 
or more U{1)pq symmetries without paying any of the penalties that cause a muddling of the 
uniflcation picture. 

Along with giving us the set of constraints (II. ip . general anomaly arguments guarantee 
that the charged exotics in U{1)pq models come in vector-like pairs with respect to SU{5)gvt- 
This means that they can all participate in cubic couplings to SU (5) gut singlets Xi that carry 
f/(l) pQ-charge. If the singlets Xi manage to pick up nonzero expectation values, these couplings 
can allow the exotics to be safely lifted from the spectrum. The simplest possible scenario is 
one in which a single fleld X is sufficient to lift all of the exotics. When this happens the exotic 



4 



spectrum can be parametrized by four integers M, N, K, and L as 



SU{5) 


origin 


Exotic Multiplet 


Degeneracy 










M + N 


log 


)T0 


(3,2)+i/6 6 


3(3,2)_i/6 


M 






(3, l)-2/3 Q 


3 (3, l)+2/3 


M-N 


5g 


)5 


(3, l)+i/3 9 


3(3,l)-i/3 


K 






(l,2)_i/2 6 


3(l,2)+l/2 


K-L 



1.3) 



For this parametrization to make sense, we must have 

M>|A^| K>Q K~L>0 

As we will demonstrate, f ll.ip gives rise to a nontrivial relation between the singlet charj 
and a particularly important combination of these parameters 

qH^+qH, = qxA, A = N-L. 



(1.4) 
qx 

(1.5) 



What makes A important is that it precisely measures the non-universal shifts of 1-loop MSSM 
/3 functions that arise from letting the exotics run in the loopEl 



A = 6bo- 6b-, 
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(556i + 3562 - 8^63 



:i.6) 



From this, we see that whenever qH^ + q^^ 7^ 0, the net exotic spectrum is guaranteed to come 
in a combination that splits unification. Note that this is stronger than simply saying that the 
exotics come in incomplete GUT multiplets. It could have been that the net spectrum obtained 
by combining exotics from all matter curves satisfied N = L. Interestingly, (11. 5p tells us that 
this nice situation is not compatible with the presence of a PQ symmetry. 

Because it determines the U{1)pq charge of X, the relation (11.51) also has implications for 
dimension 5 proton decay. In general, when X picks up an expectation value we expect U{1)pq 
to be broken and WDim 5 to be regenerated with a suppression that goes like {{X)/A)^ for some 
n. In general we must take (X) fairly close to A ~ Mgut in order to deal with unification 
issues. If the charge of X is chosen correctly, though, we can hope to recover some suppression 
of dimension 5 proton decay by making n large. Unfortunately, the relation (II. 5p between the 
U{1) charge of X, qx, and the combination A implies that the following operator is always 
U (l)-invariant 



;i-7) 



In other words, the degree n of the X/A suppression is the same quantity A that measures 
the distortion of unification caused by the exotics. Because of this, any manipulation that 



■^Equality of the first and second lines is just tfie statement that 5Sbi 
type (|1.3p . This was previously noted in [IT] . 



3(56? — 2dbi = for exotics of the 
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we introduce to raise this degree will necessarily change the exotic spectrum in a way that 
increases the non- universality of the 1-loop /3 function shifts (11 .Op . In this way, (11. 5p codifies a 
general tension between unification and dimension 5 proton decay for which no obvious solution 
is apparenl0. It is a simple matter to generalize this analysis to situations in which multiple 
singlet fields Xi are needed to lift all of the exotics. As we demonstrate, the result is again a 
strong tension between unification and proton decay. 

To summarize, (II. ip introduces a tension between proton decay and unification by forcing 
incomplete GUT-multiplets into the spectrum. The mass of these multiplets is set by the scale 
at which U{1)pq is broken and hence by the scale at which VFDim 5 is regenerated. These 
statements have been known for some time. What we have seen from a more detailed analysis 
of (II. ip . however, is that it obstructs the most obvious ways to reduce this tension by tying 
the effective U{1) charges of the exotic masses to the distortion of unification that they induce. 
This reasoning is quite general in that it describes a tension but not necessarily the severity of 
that tension. To see whether some combination of clever model building or tuning can alleviate 
it will require a closer look at unification, which is already known to be somewhat spoiled 
in F-theory GUT models by effects due to hypercharge flux [H [T7]. As has been suggested 
elsewhere |Tl] , this may give us some room to maneuver by allowing the effects of hypercharge 
flux and exotics to counterbalance one another. We hope to say more about this issue in the 
future UHl. 



1.2 F-theory GUTs with U{1)pq: Survey 

Before we can make a detailed study of how these problems may be dealt with, though, we first 
need to ask a more important question. We expect the most desirable models to be those with 
the smallest A = N — L allowed by proton decay considerations but do we even know which 
A's can actually be realized? Beyond general restrictions obtained from (II. ip . exactly what 
exotic spectra can be achieved in explicit models? To address this, we specialize to so-called 
spectral cover models where the rules for model-building are well-established. 

After reviewing the basic structure and context of spectral cover models, we begin with a 
technical derivation of (II. ip in that setting. We then establish that (II. ip represents essentially 
the only constraint on the distribution of hypercharge flux by constructing spectral covers for 
all solutions to (II. ip that engineer 1 or 2 f/(l) symmetrieCl u- These build upon ideas used in 
the multiple U{1) model of [19] and represent significant generalizations of the models in |12] . 

■^If A < — 1 then the operator (|1.7|) cannot be generated because A appears in the numerator. In that case, 
however, the operator A^+^ / dPO X^^HuHd arises and generates a /i term that is far too large. 

^ActuaUy, there are two other well-known constraints that supplement These are 

Eio matter curves, . /s" Fy ^ Q and Y.^ ^^^.^^^ y_a) Fy = and they reflect the cancellation of the 

[/(l)f, and SU{2)^U{1)y anomalies. 

^We restrict to these cases because spectral covers with 3 U{1) symmetries are significantly more complicated 
and require a substantial amount of 'topological tuning' to avoid non-Kodaira singularities at isolated points, to 
say nothing for non-Kodaira singularities along holomorphic curves. We expect that no new constraints beyond 
p.ip control the hypercharge flux there as well but we do not prove it. Spectral cover models with more than 
3 U{1) symmetries cannot have a large top Yukawa coupling so should not be considered. 
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Each construction is specified up to a choice of holomorphic sections that must satisfy a number 
of assumptions in order to avoid the development of isolated singularities of non-Kodaira type. 
We clearly state these assumptions and a sample choice of sections that satisfies them for each 
model. We also note that these sample choices are consistent with the local topological data 
required to embed the models into full F-theory compactifications based on the geometry of 
[20] . Sample choices aside, though, the constructions of Appendix O are general enough to serve 
as a starting point for building explicit examples of any spectral cover model with a distribution 
of hypercharge flux that is consistent with (11. ip . 

Once we have established that there are no constraints on hypercharge flux beyond (11.11) . 
we turn to a survey of the possible exotic spectra that can arise in spectral cover models with 
both a U{1)^ and a U{1)pq symmetry. We always insist on having an unbroken U{1)^ in 
order to protect against dimension 4 proton decay. The U{1)pq is allowed to be broken by the 
expectation value of precisely one singlet field, which we require to give mass to all exotic fields. 
We perform the survey by looking at the spectrum induced by the most generic distribution of 
hypercharge flux allowed by (11.1 11 1 combined with a completely general distribution of bulk flux. 
We do not impose any constraint on the bulk or '7'-fiux. This is motivated by past experience 
with 7-fiuxes in which no obvious global obstructions on their distribution emerged. Despite 
our confidence to the contrary, one should keep in mind that obstructions might arise when 
realizing some of these models in practice. 

Once we have parametrized the hypercharge and bulk fluxes, we proceed to enumerate all 
cases in which the expectation value of one singlet field, X, can lift everything except the 
matter content of the MSSM. In the end, we find exactly 10 'models'. By 'model' here we mean 
a specific identification of MSSM and exotic matter curves. Within any such 'model' there is 
a parameter space of possible flux values that leads to some variance in the net spectrum of 
exotics. It is an empirical fact, however, that the combination A = — L is fixed within each 
of the 10 'models' that we find. We can summarize key properties of the 'models' as follows 



Model Number 


Exotic Spectra 


Dim 5 


1,2,9 
3,4 
5, 6, 7, 8 
10 


N-L = l 
N-L = 2 

L = 2 
N-L = l 


K>M 
M = N = 
K-L = M 


XQ-'L/Ii' 

X^^Q^L/A^ 
XQ^L/A^ 



The model number refers to the detailed list in appendix \M Note that the power of X respon- 
sible for generating W-Dim 5 is exactly — L in each case as we expected from general reasoning. 
Quite interestingly, only low values oi N — L seem possible. The maximal value A = 2 may not 
be enough to adequately suppress proton decay but, as we have said, the additional spoilage of 
unification by hypercharge flux may give us enough wiggle room to allow for smaller (X). The 
models we construct realise A = —2, 1, 2 and it is curious to note that N — L = —1 does not 
seem to appear (as we have explained earlier A = is ruled out by eq. (II. 5p ). We have no good 

''We do not say anything about the condition Jg^^^ Fy AFy = —2 that is needed to avoid exotic (3, 2)_5/g's 
or their conjugates from propagating along S'gut- K will be necessary to impose this as an additional constraint 
on any explicit model. 
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explanation for this fact. The possibihty of achieving A = — 1 is rendered more interesting by 
the fact that this choice appears to be the most promising from the point of view achieving 
unification \T8\, though it is plagued by other phenomenological issues. Let us stress that any 
patterns observed in (11.81) are intrinsic to the spectral cover formalism. It may be possible that 
models constructed beyond this framework [21] can realize more general N — L values. 

Extending the survey to models with multiple singlet fields Xi and possibly also multiple 
U{l)pQ symmetries could lead to interesting new possibilities. From a local model-building 
perspective, each singlet vev (Xi) gives us an extra parameter to tune. It can increase the 
likelihood of finding reasonable ranges of parameters but, on the flip side, will probably require 
the resulting model to be even more finely tuned. 

1.3 Outline 

The rest of this paper is organized as follows. In section 121 we review the anomaly argument of 
[Ti] for the Dudas-Palti relations (11. ip and discuss its general implications for the spectrum of 
exotics in F-theory GUTs with U{1)pq symmetries. We then turn to spectral cover models in 
section [3l There, we review the spectral cover framework, provide a technical derivation of (II. ip 
in that setting, and present in more detail the results of the survey of spectral cover models 
with 2 U{1) symmetries. The details of the survey, along with the construction of spectral 
covers that realize generic solutions to (II. ip . are contained in the Appendices along with other 
supplemental calculations. 

2 Dudas-Palti Relations and General Implications 

In this section, we describe some general features of F-theory GUT models that engineer U{1) 
symmetries as a means of controlling the structure of 4-dimensional physics. We focus in 
particular on models that exhibit two key features 

• Internal "hypercharge flux" for breaking SU{5)gvt ^ SU{3) x SU{2) x U{1)y 

• One or more U{1) symmetries that commute with SU{5)gvt and do not distinguish 
particles from different generation^ 

At the heart of our considerations is a set of relations first noted by Dudas and Palti [12] 
in the context of so-called 'spectral cover models'. The applicability of these relations to 
F-theory GUTs in general relies on the observation of [H] that they reflect the inability of 
"hypercharge flux" to influence 4-dimensional mixed gauge anomalies. After reviewing this 
argument, we describe the general implications of the Dudas-Palti relations in models with 
U{l)pQ symmetries. These include the existence of charged exotics that introduce a generic 
tension between unification and proton longevity. We stress that the results of this section are 

^That our J7(l)'s are not 'family' symmetries is a necessary condition for realizing the flavor scenarios of 
[22l|23l|24]. 
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quite general in that they rely only on the anomaly cancellation argument of [H]. Because 
of this, the structure and constraints that we derive should arise in any F-theory GUT model 
with U{1) symmetries regardless of how it might be constructeci§. In the next section, we will 
see explicit reahzations of this structure in our survey of spectral cover models with multiple 
U{1) symmetries. 

2.1 Anomaly Cancellation 

It has been known for some time that our ability to distribute "hypercharge flux" along the 
matter curves of an F-theory GUT is limited in models that engineer extra U{1) symmetries. 
This structure can be nicely described by a set of relations first observed by Dudas and Palti 
[12] in the context of spectral cover models, whose structure we shall review in the next section. 
Letting Qi/qa denote the common U{1) charge of 10/5 fields on a matter curve S^q/E^\ the 
Dudas-Palti observation can be written as [L2\ 

E Fy= E laf Fy. (2.1) 

10 matter curves, i ^lo 5 matter curves, a 5 

It was demonstrated in |[14j that this simple set of relations is related to the physics of 4- 
dimensional anomaly cancellation. Because of this, we expect (12. ip to have general applicability 
to F-theory GUT models beyond the spectral cover examples that initially motivated it. 

For completeness, let us review how (12. ip arises from considerations of 4-dimensional anomaly 
cancellation. The situation is particularly simple if we study F-theory compactifications on 
Calabi-Yau 4-folds that do not require the introduction of G-fiux to satisfy the quantization 
condition of |i25j. In that case, we can consider adding "hypercharge flux" into the game and 
no additional bulk G-fiux. By construction, the "hypercharge" flux does not induce a mass for 
U{1)y or, in fact, any other U{1) symmetries that we might engineer. As a result, it cannot 
induce any gauge anomalies. Of particular interest to us are mixed gauge anomalies with in- 
sertions of both MSSM and U{1) currents as these anomalies only receive contributions from 
the charged fields that localize along matter curves. A simple calculation reveals that (12. ip is 
just the condition that one needs to ensure that these mixed anomalies cancel [H]. 

Things are slightly more tricky if we are forced to introduce a background G-fiux to satisfy 
the quantization condition of [23] because that flux on its own will induce mixed anomalies 
while lifting our [/(l)'s through the Stiickelberg mechanism. We can argue as before, however, 
by noting that when we add "hypercharge flux" to the game it will not change any of these 

^We are aware of only two loopholes to this. The first is the possibility that some new mechanism can 
be found to allow "hypercharge flux" to influence 4-dimensional anomalies without also generating a U{1)y 
mass. No known set of couplings in F-theory are capable of doing this and the absence of any spectral cover 
models that violate (|2.1|) strongly suggests, to us anyway, that this possibility is not realized. The second is 
the possibility that our description of the spectrum of lO's and 5's is too limited. We assume the structure 
obtained from smooth 10 and 5 matter curves but it may be possible to engineer more exotic combinations of 
matter if, for instance, matter curves and/or S'gut itself exhibit exotic singular behaviors that go beyond the 
types that have been considered so far. 
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anomalies. The reason for this has its origin in the 4-dimensional Green-Schwarz mechanism, 
which cancels any gauge anomalies involving our extra U{l)'s that might be present before we 
integrate them out. The basic ingredient of this mechanism is a 2- form axion C2 that participates 
in 4-dimensional couplings of the form 

JcoFAF + C2AF (2.2) 

where F here can denote either a U{1) field strength or any of the MSSM field strengths and 
dco = *dc2- Because C2 couples both linearly and quadratically to flux, it can propagate within 
tree level diagrams that can cancel nontrivial contributions to gauge anomalies that arise from 
triangle diagrams. The C2 A F term is also important for a related reason; if it is present 
for a given field strength, the corresponding U{1) will become massive via the Stiickelberg 
mechanism. Among our most important requirements, then, is the absence of any coupling like 
C2 A Fy that could lift the U(1)y gauge boson. 

In F-theory, the only way to get a 2-form axion in 4-dimensions of the type in fl2.2p is from 
the reduction of the RR 4-form C4 which, as the potential associated to D3-branes, is nicely 
SL{2, Z)-invariant. This 4-form is an honest bulk field whose coupling to flux is well-known 

[ C^AGAG (2.3) 

where the integration is over our entire Calabi-Yau 4-fold, Y4. In the presence of a stack of 
7-branes, like the one that gives us 5'?7(5)gut, we can rewrite the specific contribution to (12. 3 p 
that involves localized worldvolume fluxes as the familiar coupling 

f CiAF AF (2.4) 

J 7-brane worldvolume 

When we have an internal "hypercharge flux", we always generate the dangerous C2 A Fy 
coupling by reducing C4 along 2-forms in F4 unless Fy happens to be orthogonal to all such 
2-forms. We can ensure this orthogonality by choosing Fy to be a (1, l)-form that is dual to a 
holomorphic curve [Fy\ in S'qut that is trivial in the homology of 14 [SJ H]. When Fy is of this 
type, though, any insertion of Fy into (12.40 gives a vanishing result so that C4 has no direct 
coupling at all to this flux. This means that the coefficients of (12.20 in the 4-dimensional theory 
are the same whether we introduce the "hypercharge flux" or not. It follows that the mixed 
4-dimensional gauge anomalies also cannot change when we turn on "hypercharge flux" and a 
simple calculation demonstrates that (12. ip is nothing other than a mathematical statement of 
this condition jl4j . 

2.2 'Uniqueness' of U{1)b-l 

To see why (12. ip is so constraining, let us recall how "hypercharge flux" impacts the 4- 
dimensional spectrum. Charged fields in the 10 or 5 localize along curves S in the internal 
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space and the number of chiral zero modes in the SU{3) x SU{2) x U{1)y representation R is 
determined by an index theorem 



nR-nT^= [ c,{V^®Ll^)= [ [ci(Ve) + Ci(4«)] (2.5) 

where Vs is a bundle of rank that encodes the "bulk" G-flux, Ci(Ly) is roughly the "hy- 
percharge flux", and Yr is the f/(l)y charge of fields in the representation R. Because Vs 
and Ms are intrinsic properties of the matter curve S, the only way to distinguish different 
SU{3) X SU{2) X U{1)y representations within an SU{5) multiplet is through the "hypercharge 
flux". To get a model with exactly 2 Higgs doublets, Hu and Ha, and a set of matter fields 
that comprise complete SU{5) multiplets with common U{1) charges we need a distribution of 
"hypercharge fiux" in which 



Fy = +1, / Fy = -1, / Fy = (2.6) 

Sji/jj J S'liy other matter curve S' 

and M-£fj^ = ^t.h^ — 1- The DP relations (12. ip now tell us that any U{1) symmetry consistent 
with this distribution of "hypercharge fiux" must satisfy — = 0. Because gs^ denotes 
the common charge of fields from the 5 on Ej, we see that the charge of Hu is qu^ = —q-^H 
and hence that 

qH^+qH, = 0. (2.7) 

Up to normalization, there is only one U{1) symmetry that satisfies (12.71) . commutes with SU (5), 
and preserves the MSSM superpotential. That symmetry is the unique linear combination of 
f/(l)y and U{1)b-l that commutes with SU{5), which we denote by U{1)^ 





10m 5m Hu Hd 




1 -3-2 2 



(2.8) 

This argument is essentially the same one used in [12] to explain why none of their models had 
an unbroken U{1)pq. As [T2] further emphasize, we will face two important phenomenological 
problems in general if U{1)^ represents the only control that we have over the theory. These 
are, respectively, the n problem and dimension 5 proton decay, which are associated with the 
operators 

H J (f9HuHd and jj (fOQ^L. (2.9) 

These operators carry opposite charges under any U{1) symmetry that preserves the MSSM 
superpotential so their fates are related. In the absence of a symmetry to indicate otherwise, 
we expect fi to be large and A~^Q^L to be generated with A ~ Mqut by massive Kaluza-Klein 
modes at the GUT scale without further suppression. 
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2.3 U{l)pQ Symmetries and Exotics 

Because HuHd and Q^L carry opposite charges under any f/(l) symmetry that preserves the 
MSSM superpotential, we can try to take care of both problems simultaneously by introducing 
one or more new f/(l)'s that satisfy 

Qh^ + Qh.^O (2.10) 

Symmetries of this type, which we refer to as PQ symmetries, have played a prominent role 
in past studies of F-theory models [151 [El El]- From the DP relations (12.11) . though, we know 
that the presence of such a symmetry will not allow a distribution of "hypercharge flux" whose 
spectrum of non-GUT fields consists of exactly one pair of Higgs doublets. If we insist on 
engineering all MSSM matter fields as complete GUT multiplets with common U{1) charges, 
we will be forced to introduce new non-GUT multiplets in addition to the Higgs doublets. 
These new fields represent charged exotics that must be dealt with in some way. 

Anomaly considerations allow us to make an important observation about the structure of 
the new non-GUT fields. In particular, the cancellation of U{1)y anomalies in the presence of 
"hypercharge flux" leads to the standard relations 

10 matter curves, i lo 5 matter curves, a 5 

which forces the non-GUT exotics to come in vector-like pairs with respect to SU{3) x SU{2) x 
U{1)y- Though they will not be vector-like with respect to our additional U{1) symmetries, in 
general, this fact allows them to participate in cubic couplings with MSSM singlets that carry 
appropriate U{1) charges 

W D -^i/Exotic,i/Exotic,i (2-12) 

If enough singlets Xj pick up nonzero expectation values then the exotics can be safely lifted 
from the spectrum. 

Even though we can remove the exotics in this way, we must be aware of two potential 
phenomenological problems that can arise [12] . The first is that the expectation values required 
to lift them may lead to a stronger breaking of U{1) symmetries than we can allow. These 
U{l)^s are expected to become massive from the Stiickelberg mechanism, which always allows 
for the possibility that f/(l)-violating couplings are generated by nonperturbative effects. One 
typically assumes that these violations are acceptably small. Expectation values of scalar fields, 
on the other hand, can lead to larger violations depending on the physics that drives them. 

The second problem is that our charged exotics, even when lifted from the zero mode 
spectrum, can still make significant contributions to the 1-loop /3 functions for the MSSM gauge 
couplings that spoil unification depending on how massive they become. On general grounds, 
we expect a tension between proton decay, which should favor depressed f/(l)pQ-breaking with 
small exotic masses, and unification, which should favor large exotic masses. 
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2.3.1 The Exotic Spectrum 

We could in principle solve both of these problems if given enough control over the exotic 
spectrum. Even though the exotics on each individual matter curve will give non-universal 
shifts of the 1-loop (3 functions, it could be that the net shift of all exotics happens to be 
universal. To see that this is not obviously far-fetched, consider the generic spectrum on a 10 
or 5 matter curve. Using index theory, the zero mode chiralities are seen to follow a simple 
pattern [H [2] 

"(i,i)+i - = rrii + Hi 

10 matter curve SS ^ ^(3,2)+i/6 - n(3^2)_i/6 = (2.13) 

5 matter curve Sf) ^ ^(3,i)+,/3 " ^(3,i).i/3 = ^^.M) 
^ n(i,2)_,/2 - ^(i,2)+i/2 =ka-L 

This parametrization is useful because the rii and ia correspond roughly to the net "hypercharge 
flux" threading the matter curves S^q and which are directly constrained by (12. ip . By a 
standard calculation, one can see that the combined spectrum from one 10 matter curve and 
one 5 matter curve gives a universal shift to the 1-loop MSSM /3 functions provided rii = ^a- 
When ni,ia 7^ 0, the spectrum is comprised of incomplete GUT multiplets but nevertheless the 
special choice rii = C-a eliminates any (1-loop) distortion of unification that they might have 
caused, provided of course that their masses are nearly degenerate. 

It is therefore not obvious at all that the non-GUT exotics we get from introducing a U{1)pq 
symmetry have to cause a problem for unification. We might have to introduce a small tuning 
to make sure their masses do not differ by very much but, even then, we could hope to make 
this automatic without excessive tuning by ensuring that one singlet vev is sufficient to lift 
everything. 

The question now is whether we have enough control over the exotic spectrum to make a 
scenario like this work. Because the Dudas-Palti relations (12. ip restrict our ability to distribute 
"hypercharge flux" , they will have something to say about the feasibility of this approach. To 
study their effect, we must first specify a convenient parametrization for the exotics and their 
masses. We assume at the outset that all exotics are hfted so we can start by identifying a 
subset of all cubic terms of the form (I2.12p in which each exotic field couples to exactly one 
singlet. Let us call these the 'initial masses' and any remaining couplings the 'mixings': 

^'^masses ~ ^'^'initial' mass ~l~ ^^mixings (2.15) 

This identification allows us to break the exotics into groups according to the singlet that 
provides their 'initial' mass. Such a separation is already useful but it will become more so if 
we can use the singlet vevs in W^'initiar mass as an order of magnitude estimate for the actual 
exotic masses. This would be fine if there were no mixing terms but, in the presence of the 
additional couplings, IVmixings, this is not always possible. To illustrate this simple point and 
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how we deal with it, consider a collection of 2 vector-like pairs of exotics, /1//1 and /2//2 with 
couplings 

w ~ x/1/2 + + hh) (2.16) 

In this case, we would have 

^initial' mass ~ Y {hh + f2h) W^mixings ~ X hh ■ (2.17) 

Based on Wmitiar mass alone, we would like to say that (Y) determines all exotic masses. Even 
in the presence of PVmixings, this is a fine assumption in the absence of tuning provided {X) 
doesn't get too large. If we have {X) ^ (F), however, we get a seesaw in the mass matrix and 
(y) alone doesn't accurately capture any of the exotic masses. We can nevertheless obtain an 
effective form for the exotic masses that involves no mixings by diagonalizing the mass matrix 
to leading order in {Y)/{X). The leading order mass eigenstates remain and /2//2 but 

we find effective masses ^ 

Weff~X/l/2 + ^/2/l + ... . (2.18) 

If we like, we can define a new quantity Z = ^ and write a set of mass couplings of the form 
fl2.15p that includes only 'initial' masses and no mixing terms. 

More generally, the identification of 'initial' masses with actual exotic masses is reasonable, 
at least as an order of magnitude estimate, provided there are no large hierarchies between 
singlet vevs appearing in Winitiar mass and Wmixing. In the presence of such hierarchies, though, 
we can always diagonalize the mass matrix to leading order, in which case we obtain an effective 
set of mass couplings of the form fl2.15l) with no mixings and such that all 'masses' are rational 
functions of our initial singlet fielda^i. 

In what follows, we will therefore always assume a mass term structure of the form (I2.15P 
with Wmixings = whcrc the singlets Xi may be rational functions of fundamental singlets rather 
than fundamental singlets themselves. Once we have done this, we can associate to each Xj 
the collection of vector-like pairs of exotics that it lifts. A convenient parametrization for the 
fields of that collection is the following 



+ '^(l,!)-! = Mi + Pi 



^(3,i)-2/3 + ^{3,i)+2/3 =M.-N, (2.19) 

^(3,l)+i/3 + ^(3,l)-i/3 = 
'^(l,2)_i/2 + '^(l,2) + i/2 =Ki-Li. 

In other words, we say that Xj gives an 'initial' mass to Ki triplet pairs of exotics, Ki — Li 
doublet pairs, and so on. One might naively think that we should set Pi = Ni based on fl2.13p 
but, as explained in Appendix |Bl this need not be the case. 
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The hierarchical separation is needed to ensure that the masses are rational functions of the initial singlets. 
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With this parametrization, we can study the imphcations of the DP relations (12. ip on the 
exotic spectrum and the singlets that can remove them. As we show in Appendix [Bl the result 
actually takes a fairly simple form 

9H„ + gH,= Yl (lxAN^-L,)= qxXP^-Li). (2.20) 

Singlets Xi Singlets Xi 

Implicit in this equation is the identity 

Y qxAN^~P^) = 0, (2.21) 

Singlets Xi 

whose origin is the fact that the exotic spectrum on each 10 matter curve is controlled by two 
integers rather than three (I2.13p . 



2.3.2 Proton Decay and Unification 

Using the parametrization fl2.19p and the constraint fl2.20p . we can now make the general 
tension between unification and proton decay quite precise. We start by computing the 1-loop 
P function shifts that are induced by the collection of exotics whose mass is set by the singlet 

Xi 

5bi,, = 3Mi + Ki + l (GPi - 8N, - 3Li) 

5b2,, = 3M, + K,-L, (2.22) 
6b3,i = 3Mi -Ni + Ki. 

Because we have 3 /3 functions there is, in general, a 2-parameter family of distortions to unifi- 
cation. The above results demonstrate that iVj — Lj and Pi — Li correspond to one particularly 
simple choice of basis for this family 

N,-U = 6b2, - 563,. = Af ) P, -L, = l {56b,^, + 3562,. - 8563,0 = • (2.23) 



Already from fl2.20p and (12.231) we can see that models with a U{1)pq can never realize our 
dream of engineering a set of exotics that are lifted by just one singlet field, X, and induce a 
universal shift of the 1-loop P functions. In the case of one singlet, (I2.20p and (I2.23P simplify 

to 

QH^ +qH,=qxiN-L), N = P (2.24) 

A = N-L = P-L = 6b2-6b3 = - (56bi + 3^62 - 8563) . (2.25) 

6 

Because qHu + QHa Q'x 7^ 0, we see that N ^ L and hence that a distortion of unification 
is always introduced. Further, a second consequence of (I2.24p is that the following operator is 
always gauge invariant 
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While we might want to minimize the effect on unification by taking (X) to sit near the 
unification scale A ~ M^k ~ ^gut, "we see that this effectively eliminates any hope we might 
have for suppressing dimension 5 proton decay. What we have found is an intrinsic tension 
between unification and proton decay that seems unavoidable. 

Let us now return to the possibility that multiple singlets Xi play a role in lifting the exotics. 



For this, it is useful to introduce separate notation for the the sum over AS^^'s or A^^'^'s 



A(^) = ^Af) 



(2.27) 



Just as fl2.24p guaranteed the gauge invariance of (12.261) in the case of one singlet X, the more 
general condition (12.201) implies that the following operators are always invariant under all t/(l) 
symmetries 



1 



(iV) 



X 



tA, 



(N) 



AN) 



(2.28) 



and similar for N P. If we want to achieve an exotic spectrum that sits at a common 
mass and leads to universal shifts of the 1-loop MSSM (3 functions, then we must have A*^^^ = 
A(^) = 0. In this case, however, any suppression of dimension 5 proton decay operators comes 
from ratios of the singlet vevs that determine the exotic masses in the first place. Introducing 
hierarchies to achieve a suppression will necessarily split the exotic masses into groups that 
each have A^^^"* ^ 0. Unification will be spoiled here because each such collection induces /3 
function distortions that are individually non-universal and the energy ranges over which they 
run are hierarchically separated. 

In the end, then, we find a general tension between unification and proton decay. That 
is not to say that the issue cannot be circumvented through a combination of clever model- 
building and tuning. The most obvious solution, however, would have been to engineer non- 
GUT multiplets that combine to yield universal /3 function shifts. Sadly, it seems that this 
cannot be done without allowing unsuppressed dimension 5 proton decay. 



3 Spectral Cover and Dudas-Palti Relations 

So far, we have encountered a number of general constraints on the structure of F-theory 
GUTs with f/(l) symmetries. It remains to be seen, however, whether additional surprises 
might be waiting for us when we start to look at concrete models. Several examples have been 
constructed in recent years and, in all cases, they can be successfully studied with spectral cover 
techniques. In the remainder of this paper, we perform a systematic study of such spectral cover 
models with a particular focus on the allowed spectrum of exotics. We start by reviewing the 
conventional methods for building global F-theory GUTs in the current literature and then 
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provide a direct technical derivation of the Dudas-Palti relations (12.ip in that setting. We then 
turn to a general survey of spectral cover models that exhibit one or two U{1) symmetries and 
the most generic distributions of hypercharge flux that are consistent with Dudas-Palti. In 
Appendix [Cl we provide 'in principle' constructions for all such models that can be promoted 
to complete local and global models by making a suitable choices of sections and using the 
procedure outlined below to embed them into honest F-theory compactifications. 

3.1 Calabi-Yau 4- folds and Higgs Bundles 

A complete F-theory GUT model is specified by the geometry of an elliptically fibered Calabi- 
Yau 4-fold Y4 along with a set of fluxes that controls the chiral spectrum. Though several 
different constructions have been achieved in the literature [261 1201 EZl EHl EHl El [71 [HI [301 
[3TI [32I [331 EH [351 iSE] , all of them follow roughly the same basic strategy. We can start with 
a 3-fold B3 that will serve as the IIB compactification geometry and identify a holomorphic 
divisor Sqvt inside ,83 that will support the charged degrees of freedom of our SU{5) GUT. 
Letting z denote the holomorphic section on whose vanishing defines S'gut, we can then 
build our Calabi-Yau 4-fold Y4 by specifying a 'Tate model' for the elliptic fibration 

= + aoz^ + a2xz^ + a^yz^ + a^s^x^z + a^xy , (3.1) 

where x and y are sections of 0{—2Kb.^) and 0{—?>Kb.j), respectively, and the are sections 
of 0((m — Gi)KB-i + {m — 5)S'gut)- By construction, (13. ip exhibits the SU{b) singularity that 
we need along S'gut to reahze our S't/(5)GUT gauge group. Charged matter in the 10 and 5 
representations can then be found along 'matter curves' of S'gut where the singularity type 
enhances to S'O(IO) or SU{Q) 

S'O(IO) : z = 05 = SU (6) : z = aQa\ — 020305 -|- O3O4 = . (3.2) 

Using insight from Heterotic duality, a set of G-fiuxes for engineering chiral matter was recently 
identified in and a formalism for determining the chiral spectrum that they generate was 
presented. With this toolbox, we can determine the full matter content and symmetry structure 
of the model directly in F-theory from the choice of sections o^ and the collection of G-fluxes 
that are present. When the Om are generic, we find a single 10 matter curve, a single 5 matter 
curve, and no symmetry other than S'f/(5)GUT to control the physics. 

Since the charged degrees of freedom localize near S'gut, it should not be necessary to talk 
about the full compactification geometry to describe them. Rather, their low energy physics 
can be captured by an 8-dimensional gauge theory that propagates along R^'^ x S'gut and this, 
in turn, depends only on the geometry (and fluxes) at small z. We can explicitly present the 
local geometry there by restricting each of the sections o^ on i?3 to corresponding sections 
on S'gut 

(3.3) 

and writing 

y'^ = x^ + boz^ + b2xz^ + bj.yz^ + b^x^z + b^xy . (3.4) 



17 



The bm^s make their appearance in the local gauge theory description of the physics as param- 
eters that control a Higgs bundle [STJ |38]. A heuristic way to see this is by noting that the 
geometry (13. 4p appears to arise from an Eg singularity at generic points that is unfolded by 
the fern's to SU{5)gvt- This unfolding has a natural worldvolume interpretation: we start with 
an Es gauge theory on R'^'^ x Sqvt and the fe^'s (along with the fluxes) specify a nontrivial 
configuration for the adjoint scalar (p (and gauge connection A) that breaks Eg — 5'[/(5)gut- 
The resulting Higgs bundle takes values in the SU{5)± commutant of S'f/(5)GUT inside Eg and 
the fern's are nothing more than the Casimirs of 

bm ~ feotr0"^ . (3.5) 

In other words, the fe^'s tell us about the spectral data, or eigenvalues, of as we move along 
5'gut- When the spectral data is generic, it is actually sufficient to determine the entire (p 
configuration up to gauge equivalence [2T] . 

An important check on this whole story is that the gauge theory description reproduces the 
matter curves, symmetries, and chiral spectrum that we expect from a direct analysis of the 
F-theory compactification. To see how infiuences the spectrum, we first recall that all matter 
descends from the adjoint of Eg, whose decomposition under Eg — )■ S'[/(5)gut can be succinctly 
written in terms of 5'[/(5)gut x SU{5)± representations as 

248 ^ (24, 1) © (1, 24) © (10, 5) © (5, 10) . (3.6) 

The nontrivial configuration of generates masses for the bifundamental fields of this re- 
duction that vary as we move along Sgut- The wave functions of bifundamental fields localize 
where their '^GUT-dependent' masses vanish and it is this behavior that leads to the structure 
of matter curves that one directly observes in the F-theory picture. To understand this in 
detail, it is often helpful to think in terms of the eigenvalues of 0, which can be diagonalized 
in a generic coordinate patch 
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J2^^ = (3.7) 



i=l 



If were diagonal everywhere, such an expectation value would induce a mass proportional to tj 
for each of the five lO's, 10^., of SU{5)g\jt that descend from the 248 in (13. 6p . The eigenvalues 
ti, as nontrivial holomorphic sections, vanish along curves of ^gut in general, and it is along 
these curves that the 10^^ wave functions localize. One gets a similar story for the ten 5t^-\-t- 
fields in (13. 6p , which can be labeled by the combinations ti + tj with i ^ j that correspond to 
the weights of a 10 of SU{5)±. In total, then, we get a naive picture that includes five lOt. 
matter curves and ten 5f,+t. matter curves that house matter fields with the corresponding 
SU{5)± weights. 
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In general, the story is not this simple because nothing requires the eigenvalues themselves to 
be globally defined along 5'gut; only gauge invariant objects, like symmetric polynomials s„(tj), 
need have this property. Individual eigenvalues can be interchanged with one another through 
monodromies as we move throughout 5'gut and this is precisely what happens when the bm 
are generic holomorphic sections. The effect of this monodromy action is crucially important 
because it impacts the structure of localized bifundamental fields as well as the presence or 
absence of U{1) symmetries that might otherwise survive the breaking Eq — > SU{5)q\jt- 

When the 6m, 's are completely generic, the Higgs bundle exhibits a maximal monodromy 
group which, for SU{5)±, is the symmetric group on 5 objects. This identifies all 10*- fields, 
all 5ti+tj fields, and removes all U{1) factors from SU{5)± that could have remained from the 
underlying Eg. What we are left with is one 10 matter curve, one 5 matter curve, and nothing 
other than SU{5)gvt to constrain the physics in general. This is exactly what we expected 
from the geometry (13. ip for a generic choice of sections and, indeed, the explicit description of 
matter curves from the Higgs bundle picture 

= 65 ~ JJ = bobl - b2b^b5 + b% ~ lliU + tj) (3.8) 

i i<j 

matches the singularity enhancements of (13.21) . 

In what follows, we will often be interested in Higgs bundles with a monodromy group that 
is nontrivial so it will be helpful to have a way to directly visualize the monodromic structure. 
One useful object for this is the spectral cover, which is a 5-sheeted cover of ^gut inside the 
total space of the canonical bundlqlj {Ks^y^, — )■ 5'gut) 

C : bos^ + b2S^ + b^s^ + 64S + &5 = . (3.9) 

The five sheets of C roughly correspond to local eigenvalues tj and monodromies are manifested 
by the fact that C is smooth and irreducible for generic bm-, with branch cuts connecting all of 
its sheets. The spectral cover is of course useful for much more than visualizing monodromies 
as we will review in a bit. 

3.2 ^(1) Symmetries and Spectral Cover Models 

We now turn to the task of engineering geometries with extra f/(l)'s that couple to the charged 
degrees of freedom of our GUT. Actually obtaining U{1) symmetries of this type can be quite 
subtle in F-theory [8] but recent progress [H [10] has suggested one way to proceed when the 
geometry is built as a 'Tate model' (13. ip . In the language of |10j, we consider an object in F4 
referred to as the 'spectral divisor!^ 

CsD '■ o.qz^ + a2xz'^ + a^yz^ + a^x^z + a^xy = (3.10) 
^^The canonical bundle arises here because (f> itself is a section of this bundle. 

-'^^More specifically, what we mean by Csd is the proper transform of (I3.10p when the singularities of Y4 are 
resolved. 
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which reduces to the spectral cover of the Higgs bundle in a suitable local limit [TO]. To see 
this, note that the section 

t = y- (3.11) 

X 

is meromorphic on but restricts to a holomorphic section oiiCsd- In terms of t, we can write 

fiarroj) as 

a^z^ + ast^^^ + agt^z^ + ait'^z + a^V' = . (3.12) 

We recover (13.91) by sending z,t — )■ while holding s = z/t fixed. In the same way that (13. 9p 
tells us something about the monodromic structure of the Higgs bundle, the behavior of (I3.10p 
near z = captures the monodromic structure of the local geometry (13. 4p when viewed as an 
ALE fibration over 5'gut- Unlike (13. 9p . however, (I3.10p is a global object that tells us, in a 
sense, how this local structure fits into the full geometry of I4. To get an extra U{1) symmetry, 
the prescription of [9] and [10] is to choose the am so that Csd splits into multiple componenta^^l. 
When we do this, it is easy to verify that the matter curves (13. 8p also split into factors and that 
this splitting can be directly attributed to a reduction of the monodromy group of the local 
geometry (13. 4p . 

When we choose the am in this way, the spectral cover of the gauge theory description 
(13. 9p also splits into multiple components. This immediately signals a reduction in the Higgs 
bundle monodromy group because the eigenvalues associated to sheets of one component do 
not mix with those of the others. This also gives us some intuition for the appearance of extra 
U{1) symmetries from the gauge theory perspective because a nongeneric monodromy group 
will not project out all of the U{1) factors in SU{5)± C Eg. Unfortunately, this special choice 
of Om's also introduces a slight ambiguity into the story that was recently emphasized by the 
authors of [21]. While a generic choice of spectral data bm = cim\sGUT uniquely specifies up to 
gauge equivalence, this is no longer true when the bm are sufficiently nongeneric that C becomes 
singular, as it does when (13. 9 p factors. Given such a collection of fe^'s one must therefore take 
more care in identifying the field configuration for that accurately captures the physics near 
'S'gut- 

One particularly natural possibility that requires us to make an additional assumption but 
requires no new data is to use each component of C to specify a separate Higgs bundle of 
smaller rank. If C = C^^-'C'-^-* splits into quadratic and cubic factors, for instance, they uniquely 
determine U{2) and f/(3) bundles, respectively. Provided we choose the spectral data so that 
the coefficient bi ~ boiKp in the full product C = C^'^'^C^^'^ vanishes, these two bundles can be 
combined to yield an SU{5)± bundle. Such bundles are said to be "block reconstructible" and 
allow a naive extension of the eigenvalue-based analysis that we used to study the structure of 
generic SU{5)± bundles above. We will abuse language in this paper and refer to such bundles 
as "spectral cover bundles" and the resulting models as "spectral cover models" even though 
one could in principle write a spectral cover for a non-Abelian Higgs bundle that does not 

^^The t/(l)'s are most easily seen in the M-theory language, where they come from reduction of C3 along suit- 
able (1, l)-forms in I4. The (1, l)-forms for our 'new' C/(l)'s are specified by suitable ('traceless') combinations 
of the various components of Csd- 
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satisfy the "block reconstructible" propertjo. Essentially all Higgs bundles that have been 
studied in the F-theory literature are of this type. The reason is that they appear to be the 
right Higgs bundles for describing the Calabi-Yau 4-folds that we know how to construct as 
Tate models (13. ip with factored spectral divisor fl3.10p . The dictionary relating spectral data 
to local geometric moduli can be used to compare the structure of matter curves and U{1) 
symmetries that we obtain from the local Higgs bundle description and the 4-fold geometry 
(13. ip . Even the chiral spectrum can be seen to match using the formalism of [TO] . 

Throughout the rest of this paper, we will focus on the local description based on geometries 
of the type (13. 4p or, equivalently, the 8-dimensional Es gauge theory on M^'^ x S'gut with Higgs 
bundle specified by a spectral cover (13. 9p and taken to be block reconstructible whenever (13. 9p 
factors. When we talk about models with extra f/(l) symmetries in this way, we make an 
intrinsic assumption that our local model is embeddable into a global one in which the global 
object (13.1 op factors. This does not always have to be the emphasized in [H [9l [10] , 

our local model might indicate the presence of U{1) symmetries that are not actually present 
in the global completion. This reflects the fact that local models only capture the physics of 
S'[/(5)GUT-charged degrees of freedom and do not know about the dynamics of GUT-singlet 
fields, which can break our U{1) symmetries by attaining large expectation values. 



3.3 Technical Matters and Matter Curves 

We now turn to some technical details for how to work with "spectral cover bundles" with 
a particular focus on the structure of matter curves. We refer the reader to p] for a more 
complete discussion. 

In spectral cover models, the effect of the monodromy group is to effectively quotient the 
spectrum by removing the distinction between fields whose SU{5)± weights lie in the same 
orbit. As a result, we get one lOj- field for each distinct orbit of the tj's under monodromy 
with a similar story for Sf^+t^. 's. This means that we get one 10'-'^'' for each component, C''"^ 

of C while we get one 5*''*^'* for each pair of components, C^^^ and C'-''^ of C where we allow 
for the case a = b when C*^"^ has multiple sheets. We emphasize this relation between matter 
curves and components of of the spectral cover because the wave functions of charged fields are 
properly described not on curves inside S but rather by suitable lifts of those curves to C. In 
what follows, we will use the notation S for matter curves inside 5* and S for the corresponding 
lifts to C. 

The curves S are most easily described as topological classes in the total space of the 
canonical bundle over S, {Ks — )■ 5"), since this is the ambient space in which the spectral cover 
is defined. Following Donagi and Wijnholt [38], one can perform computations by compactifying 
this space provided that care is taken to remove any spurious contributions that arise at oo. 
This compactified space, X = F{0 © Ks), takes the form of a P^-bundle over S and comes 
equipped with two sections, a and Uoo, that satisfy a ■ Uoo = 0. We will use tt to denote the 

^^We feel this language is justified because Higgs bundles that are not "block reconstructible" will require 
additional data, in addition to that contained in the spectral cover, to specify and describe. 
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projection map n : X ^ S. That our original space was {Ks — )■ 5") is encoded in the fact that 
o"oo = cr + vr*Ci where Ci is the conventional shorthand for Ci{S). 

In this language, the full spectral cover C ( \3.9\\ is a divisor inside X with topological class 

C = 5a + 71*7], (3.13) 

where r/ is a divisor class in S that we are free to choose. In mapping the spectral data to 
algebraic deformations of a local Calabi-Yau 4-fold Y4, the class rj becomes identified with the 
combination 6ci — t where —t is shorthand for the normal bundle to S inside the base of Y4. 

For a generic spectral cover C, we expect 10 fields to localize whenver any of the eigenvalues 
of (j) vanish. Viewing the sheets as local eigenvalues, this means that the 10 matter curve should 
arise when C meets the section a 

Sio = C ■ a Sio = 1] -5ci. (3.14) 

The result for Sio agrees with the 10 matter curve in the local Calabi-Yau 4-fold specified 
by the same spectral data [3HI EHl E] under the identification t] = 6ci — t. Similarly, the 5 
matter curve corresponds to a locus where tj + tj = for some pair of eigenvalues tj and tj with 
i ^ j- We can get this by considering the intersection C (1 rC where r is the involution that 
sends the holomorphic section V associated to (Too from V — )■ —V. This effectively multiplies 
all eigenvalues by —1 so that 

CDtC D {ti = locus) + {ti + tj = locus) + {U, tj 00 locus) . (3.15) 

The 5 matter curve can therefore be determined by removing the 10 matter curve and compo- 
nent at 00 from C (ItC. The result is that 

Eg = 2or-7r*(8ci -3t) + 77*0 ■7r*() Sg = 8ci - 3t . (3.16) 

When C splits into factors, the determination of matter curves is a straightforward gen- 
eralization of the above procedure. For instance, when C = C^^^C^"^^ for cubic and quadratic 
components C^^^ and C^'^\ the matter curve for lO's associated with orbits of the first three 
eigenvalues {^1,^2, ^3} is given by 

ES=C(^)ncr. (3.17) 

The determination of 5 matter curves can be a bit tricker but is nevertheless completely straight- 
forward. In all cases, the matter curves in S can be matched to singularity enhancements of 
a local Calabi-Yau 4-fold whose algebraic complex structure deformations are specified by the 
same spectral data as the spectral cover Higgs bundle. 

3.4 Dudas-Palti Relations 

While U{1) symmetries are important for phenomenology, F-theory GUTs typically make use 
of another crucial ingredient. To break SU{5)gvt down to the Standard Model gauge group 
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SU{3) X SU{2) X U{1)y, it is conventional to introduce a nontrivial internal flux Fy along the 
U{1)y direction. This mechanism is particularly useful because the hypercharge flux can be 
used to lift any leptoquarks that might survive from SU{5)gvt as well as the triplet partners 
of the Higgs doublets Hu and Ha- In order to avoid lifting the f/(l)y gauge boson, however, 
this flux has to satisfy a particularly special condition: it must be dual to a curve inside S 
that is trivial in the homology oi [21 H] . This condition has important implications for how 
hypercharge flux can be distributed among the matter curves. For instance, we immediately 
see that Fy -2 = for any curve E in that descends from a nontrivial divisor class inside . 
Because ci and t are both curves of this type, we have 

Fy -01 = Fy -1 = Fyr] = (3.18) 

and hence 

" Fy = [Ci-t) ■ Fy = 



E 



10 matter curves, i lo(^) 



5 matter curves, a s'"' 



. (3.19) 

/ Fy = (8ci - 3t) • Fy = 



It is well-known that these relations, along with the statement 

3 E E 4"^+5ci = (3.20) 

10 matter curves, i 5 matter curves, a 

combine to ensure that the resulting 4-dimensional theory does not exhibit any MSSM gauge 
anomalies. 

In the course of building spectral cover models with U{1) symmetries, additional constraints 
on the distribution of U (l)y flux arose. In early work [6J it was noted that models with a spectral 
cover that splits into quartic and linear factors must have U{l)y flux on at least one 10 curve 
whenver U{l)y flux threads any of the 5 matter curveJ^. 

More recently, Dudas and Palti jl2j] developed a framework for describing a large collection 
of spectral cover models with multiple ?7(l)'s and observed an interesting pattern. Phrasing it 
in a language that does not explicitly depend on spectral cover, we can write the Dudas-Palti 
observation as 

E ^^/,.^^= E (3.21) 

10 matter curves ,« lo 5 matter curves ,a s'") 

where qi/qa is the common charge of all fields on the corresponding matter curve under one of 
the U{1) symmetries that has been engineered. Recently, it has been shown that this relation, 
like f l3.19p and fl3.20p . is a consequence of 4-dimensional anomaly cancellation. In the following, 
however, we would like to give an explicit technical derivation of (12.1 p for spectral cover models. 



^^It was erroneously claimed in [5] that this property generalizes to all models with factored spectral covers. 
As we will explicitly see later, this is not the case. 
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3.5 Deriving the Dudas-Palti Relations for Spectral Cover Models 

To proceed, consider a spectral cover with Ai'comp components so that (Ai'comp — 1) > f/(l) 
factors are retained from the underlying Eg symmetry. Let us introduce some notation for the 
A^comp components 

(-_^(-(a) ^322) 

a 

and write their topological classes in X as 

lC(-)]=naa + 7r*{Q (3.23) 

with 

components, a components, a 

In general, each component C^"-* gives rise to a distinct 10 matter curve from 

= a ■ C(") = a ■ 7r*(sg) (3.25) 

associated to the fields 10*^"\ Explicit computation shows that, for our spectral cover 

Sffi riaCi . (3.26) 

Now, let us consider the 5 matter curves involving C^"-*. We get one matter curve, S^"-* from 

C^"^) n rC^") associated to the fields 5^°"^ We also get additional matter curves, S^'*, from 

C^"^ n rC^*^ for i ^ a associated to the fields Both sheets of S^") sit inside C^""^ so its 

topological class will take the form 

E^"°) = 2a ■ 7r*(S^"")) + 7r*(*) ■ 7r*(*) . (3.27) 

On the other hand, only one sheet of S^*^ sits inside C^") (the other sits inside C^*^). The 
topological class of that sheet is 

S^"*) = a ■ 7r*(S^"'^) + 7r*(*) • 7r*(*) . (3.28) 

With this information, let us now consider what results from the topological intersection!^ of 
C''"-* with the full spectral cover C. In general, we have 

C^"^ ■ C = (10 matter curve m C^"^) + (5 matter curves in C*-"^) + (component at oo in 

(3.29) 

That we get a copy of the 10 matter curve in C^'^^ reflects the fact that this curve sits in both C^""^ 
and C. The component at oo, on the other hand, represents the part of the spectral cover that 

""^^We emphasize that this is a topological intersection. Strictly speaking, 5 curves sit inside C^"^ flrC*^^^ where 
r is a Z2 involution on the ambient space. Since CC*) and rC('') are in the same topological class, we do not 
worry about this for topological intersections. 
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lies along oo in the compactification X of the canonical bundle {Ks S). As we said before, 
this component must be removed when extracting matter curves as described, for instance, in 
[6]. The full component at oo for C ■ C is simply 3(Too ■ 71*7] and the part of this that sits inside 
C^"^ • C is given by Suoo ■ 7r*f J^. With this, we expect on general grounds that 



C^'^) ■C = a- 



+ 7r*(*) + 7r*(*) . (3.30) 



Explicit computation, however, yields 

= cr • {naTT*r] + Svr*^^) + 7r*(*) ■ vr'-*) 



(3.31) 



Comparing (13.301) to (13.311) and making use of (13.261) , we see that our matter curves must satisfy 
the relation 

SS = 24"") + - Mr] + 2ci) . (3.32) 

Because Fy is orthogonal to both t] and ci (I3.19p . this implies that 



Fy ■ SS =Fy-1 24"^ + 4"^ I • (3-33) 




This is a mathematical statement of the observation by Dudas and Palti of how hypercharge 
flux was distributed on the matter curves of their models |T2]. We get one equation for each 
component C*-") of the spectral cover with each side representing a sum over matter curves 
weighted by the SU{5)± weight of that component. Recalling that each U{1) is given by a 
traceless linear combination of these weights, though, it is natural to ask what we get by taking 
the corresponding linear combinations of (I3.33p . Doing this, we get 

Y^aFyj:['i = Y^^Fy^f^ (3-34) 

a i 

where qa (qi) denotes the U{1) charge of 10^"-* (5^*^) fields and the sum over i now runs over all 
5 matter curves. This set of Ai'comp — 1 equations is precisely the version of the DP relations that 
we quoted in (12. ip . Because (13.330 consisted of A^'comp equations, (13.341) seems to be missing 
one relation. This is obtained by simply summing both sides over all components and leads to 

FyY^[i=Fy.J2^l\ (3.35) 

a i 

which is a trivial equation; both sides vanish identically from (I3.19P because S^q^ = ci — t 
and J2i 4^ = ~ 3t. 



review of these computations can be found in Appendix |Dl 
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3.6 Survey 



Our general analysis of the consequences of the DP relations in Section [2] showed that generically 
it will be difficult to build models that are both consistent with unification and sufficiently 
suppress proton decay. In this section we give a survey of solutions to the DP relations, and 
analyze them with respect to 

• Unification 

• Proton Decay 

• /i-Term 

The detailed analysis is provided in Appendix |E] and a summary of all models follows in the 
next subsection. The survey is comprehensive for all models with two U{1) symmetries that 
can arise from spectral cover constructions and has been summarized in the Introduction. In 
particular, this restricts the integers iVj and Pi in f l2.19p to be equal. We constrain ourselves 
to models with at least two unbroken U{l)s as one will be broken subsequently by the vev of 
the charged singlet, and we require at least another U{1) that is not affected by the singlet vev 
and can protect against proton decay operators. Note that the U{1) symmetries are realized 
in terms of the spectral cover C by requiring a factorization into n + 1 factors: 

n+l 

^7(1)'" requires C = JJc(^). (3.36) 

1=1 

Furthermore, when realizing these models, the only constraints on fiuxes that we impose are 
the Dudas-Palti relations, which will restrict the hypercharge fiux Fy. There may be further 
restrictions on other fiuxes, once they are realized in a fuU-fiedged global model, however, we 
do not impose such restrictions. In this sense, the class of models in the survey may get even 
further restricted. 

We presented the summary table already in Section II. 2[ The salient features of the models 
were as follows. Labeling the exotic spectrum as in Table 11.31 by the integers K, L, M, N, we 
show in Appendix [E] that the only choices are as follows: 



Models 


Exotic Spectra 


Dim 5 


1, 2,9 
3,4 
5, 6, 7, 8 
10 


N-L = l 
N-L = 2 

L = 2 
N~L = 1 


K>M 
M = N = 
K-L = M 


XQ'-'L/K' 
XQ^L/A^ 



In the appendices and |E] we provide a detailed description of each of these models, including 
the U{1) charge assignments as well as the detailed exotic content. The last column in this 
table summarizes which dimension 5 proton decay operators are still present in these models, 
where A is the high-scale relevant for these models. 
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The survey is performed systematically by first picking one of the two spectral cover factor- 
izations, 2 + 2 + 1 or 3 + 1 + 1. For each factorization, there are several embeddings of matter 
and Higgs curves into the spectral cover, and for each such matter curve assignment, there are 
flux and hypercharge flux choices. We systematically analyze all such models, by flrst flxing 
a singlet with speciflc charges Aj — Xj, and then surveying which models allow for all exotics 
to be lifted by veving this singlet. For each such singlet and matter curve assignment we then 
present the most general flux and hypercharge flux assignment that is a solution to the DP 
relations (12. ip and furthermore gives rise to a three-generation model. 

Note that in models 5,6,7 and 8 the singlet's vev will give rise to a large /x-term due to the 
coupling 



and so these models are clearly not good for particle phenomenology. Meanwhile, models 1,2,9 
and 10 likely have too large dimension 5 operators that are dangerous for proton decay. This 
leaves only models 3 and 4 deserving of further investigation. Namely, computing the dynamical 
vev of X will answer the question if dimension 5 operators in models 3 and 4 are sufficiently 
suppressed. 
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A List of Models 



In this Appendix, we provide a list of the spectral cover models from our survey that could 
realize a ?7(1)^ symmetry, a t/(l)pQ symmetry, and lift all charged fields except for precisely the 
matter content of the MSSM by giving an expectation value to exactly one S'f/(5)GUT singlet 
field. The models are of two basic types depending on the factorization structure of the spectral 
cover. In all cases, we have three factors and we label them as 

C = C^^)c^d)c^<') (A.l) 
For the two factorization structures, these labels correspond to factors of the following degrees 



Factorization Structure 


Deg of C(") 


Deg of C^'^) 


Deg of C^"^ 


2 + 2 + 1 


2 


2 


1 


3 + 1 + 1 


3 


1 


1 



The description of each model begins by identifying the singlet X whose expectation value 
will lift the non-MSSM exotics. More specifically we list the S'f/(5)x weights. We label 10s 
according to their corresponding component so that lO*-^'-* localizes on the matter curve C*^^^ ■ a 
and S*-^^^ localizes on a matter curve contained in C^^') n rC^^). The SU{b)± weight of 10*^^^ is 

denoted A^; while that of S*'^^'* is denoted A^, + A^. Singlet weights are of the form Aj — Aj for 
i,j labeling some components of C. Note that singlets with weights Aj — Xj and Xj — Aj are 
conjugates of one another. We will only assume an expectation value to one singlet field; its 
conjugate will not obtain a nonzero expectation value. 

For each matter curve, we will provide the number of units of bulk G-flux, labeled G, and 
hypercharge flux, labeled Fy-, and then list the net chirality of the different zero modes that 
localize there. The fluxes, and hence the spectra, will typically be parametrized by a number of 
integers whose ranges are specified explicitly. We next identify the U{1) subgroups of SU{b)±_ 
that are preserved in a notation that is hopefully clear from the context. We write explicitly 
the U{1) charges of all fields and present the operator that can generate dimension 5 proton 
decay when the singlet X picks up a nonzero expectation value. Finally, we summarize the 
exotic spectrum using the M, iV, K, L parametrization of (11. 3p , which we repeat here for clarity 



SU{J)) origin 


Exotic Multiplet 


Degeneracy 




(l,l)+i©(l,l)_i 


M + N 


10 ©To 


(3,2)+i/6©(3,2)_i/6 


M 




(3, l)_2/3 © (3, l)+2/3 


M-N 


5 © 5 


(3,l)+i/3©(3,l)_i/3 


K 




(l,2)_i/2©(l,2)+i/2 


K-L 


5h 


(3,l)l/3 







(l,2)-l/2 


-1 


5i/ 


(3, l)+l/3 







(l,2)-l/2 


1 
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(A.3) 



For this parametrization to make sense, we must have 

M>|A^| K>0 K-L>0 
We now move on to the hst of 'models'. 



(A.4) 



A.l Model 1 

This is a 2+2+1 model with quadratic components C^"'^ and C*^"*^ and linear component C^'^h 

Singlet weight is — Xa (A.5) 



Matter Curve 


G 


Fy 




(3,2)+i/6 


(3, l)-2/3 


IqW ^ 10^ 


3 + G 


P + 1 


3 + 6-+ (P + 1) 


S + G 


a + G- (P + 1) 




-G 


-(^ + 1) 


-G- (P + 1) 


-G 


-G' + (P + l) 


10(e) 


















where 



Matter Curve 


G 


Fy 


(3,l)+l/3 


(l,2)-l/2 







1 





-1 




Gad 


P- 1 


Gad 


{Gad - P) + 1 




—Gad 


-P 


—Gad 


-{Gad-P) 


g(ae) 














5 •<->■ 5m 


3 





3 


3 



Gad>^ 


{Gad 


-P) > 


G > |P + 1| 






/I 


\ 






/I 








o\ 


1 












1 








1 





C/(l)2 







-1 











1 












-1 





\0 


-4yi 
















Field 


10m 5m -f^d 




Q'L 








1 


-3 -2 2 












f/(l)2 


I 


-1 -2 




2 


2 







A2 



XQ^L is allowed 



(A.6) 



(A.7) 



(A.8) 



(A.9) 



(A.IO) 
(A.ll) 



Exotic Spectrum 



M 


N 


K 


L 


G 


P + 1 


Gad 


p 



(A.12) 
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A.2 Model 2 

This is a 2+2+1 model with quadratic components C*^"^ and C^'^^ and hnear component C'^^\ 

Singlet weight is — Xa (A. 13) 



M.C. 


G 






(3,2)+i/6 


(3,l)-2/3 


10(«) ^ 10m 


3 + G 


P + Ga^ + l 


3 + G + (P + + 1) 


3 + G 


3 + G-(P + G„„ + l) 


low 


-G 




.a + 1) 


-G-(P + G„„ + 1) 


-G 


-G'+(P + G„„ + 1) 


10(e) 



































(A.14) 




Matter Curve 


G 


Fy 


(3, l)+l/3 


(l,2)-l/2 








Gaa 




Gaa 


-1 








Gaa 


P-l-Gaa 


—Gaa 


1-P 


(A.15) 






-=r(dd) 

o 





-P 





P 






g{ae) 


















5 •<->■ 5m 


3 





3 


3 





where 

G„a>0 (-P)>0 G'>|P + G„„ + 1| (A.16) 



/I 


\ 








/I 








o\ 




1 














1 










1 







C/(l)2 ~ 







-1 








(A.17) 





1 














-1 







\0 


Q -a) 








^0 












Field 


10m 5m 




X 


Q^L 










1 


-3 


-2 2 












(A.18) 


U{1)2 


I 


-I 


-2 




■2 


2 









1 

A2 



XQ^L is allowed 



(A.19) 



Exotic Spectrum 



M 


N 


K 


L 


G 


PH 


hG„aH 


h 1 


Gaa 


Gaa + P 



(A.20) 
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A.3 Model 3 

This is a 2+2+1 model with quadratic components C*^"^ and C^'^^ and hnear component C^^^ 

Singlet weight is — Xa (A.21) 



M.C. 


G 


Fy 




(3,2)+i/6 


(3,l)-2/3 


10^"^ O 10m 

10(d) 

10(e) 


3 + G 
-G 



P + 1 

-(P + 1) 



3 + 6- + (P + 1) 
-G-{P + 1) 



3 + G 
-G 



3 + G - (P + 1) 
-6- + (P + 1) 




(A.22) 



where 



Matter Curve 


G 


Fy 


(3,l)+l/3 


(l,2)-l/2 


■=-(aa) 





1 





-1 


-p-(ad) 

5 


Gad 


Gad 


Gad 







~Gad 


—Gad — 1 


—Gad 


1 




3 + G 


P-Gad-l 


3 + G 


3 + G + G„d + 1 - P 




-G 


-P + Gad + 1 


-G 


-G-G„<i-1 + P 



Gad>0 



G>0 G + G„<i + 1-P>0 G>|P + 1| 



/I 


\ 








/I 








o\ 


1 














1 








1 







^7(1)2 ~ 







-1 











1 














-1 





\0 


-4:) 








^0 










Field 


10m 5m 


Hu Hd 


X 


Q'L 






mi 


1 


-3 


-2 2 












C/(l)2 


1 


1 


-2 -2 




-2 


4 







—X^Q^L is alloAvcd 



(A.23) 



(A.24) 



(A.25) 



(A.26) 

(A.27) 



Exotic Spectrum 



M 


N 


K 


L 


G 


P + 1 


Gad + G 


P-1 



(A.28) 
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A.4 Model 4 

This is a 2+2+1 model with quadratic components C*^"^ and C^'^^ and hnear component C'^^\ 

Singlet weight is — Xa (A. 29) 



M.C. 


G 


Fy 




(3,2)+i/6 


(3,l)-2/3 


10(«) ^ 10m 

low 

10(e) 


3 + G 
-G 



Gaa + P+l 
-{Gaa + P+1) 




3 + G+ {Gaa + P + 1) 
-G-{Gaa + P+l) 




3 + G 
-G 



3 + G-(G'„„ + P + l) 

-G + (Gaa + P+1 





(A.30) 



where 



Matter Curve 


G 


Fy 


(3, l)+l/3 


(l,2)-l/2 


■=-(aa) 


Gaa 


Gaa + 1 


Gaa 


-1 


-=-(ad) 

5 




—Gaa 


—Gaa 










-1 





1 


5^"'^ ^ 5m 


3 + G 


P-1 


3 + G 


3 + G- (P - 1) 




-G 


-(P-1) 


-G 


-G' + (P-1) 



Gaa>0 



G>0 G-{P-1)>Q G>\Gaa + P+l\ 



(A.31) 



(A.32) 



/I 


\ 








/I 








0\ 




1 














I 










1 







C/(l)2 ~ 







-I 








(A.33) 





1 














-1 







\0 


-y 








^0 








V 




Field 


10m 5m 


-f^u Ha 


X 


Q'L 










1 


-3 


-2 2 












(A.34) 


C/(l)2 


1 


1 


-2 -2 




■2 


4 









1 

A3 



X'^Q^L is allowed 



(A.35) 



Exotic Spectrum 



M 


N 


K 


L 


G 


Gaa + P+l 


Gaa + G 


Gaa + P-l 



(A.36) 
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A.5 Model 5 

This is a 2+2+1 model with quadratic components C^"^ and C^'^^ and hnear component C^^^ 

Singlet weight is Aa — (A. 37) 



M.C. 


G 


Fy 




(3,2)+i/6 


(3, l)-2/3 


lOH 


3 





3 


3 


3 


lOC'^) 

















10(e) 


















(A.38) 



Matter Curve 


G 


Fy 


(3,l)+l/3 


(l,2)-l/2 




— Gad 


-1 


~Gad 


—Gad + 1 


-^[ad) 


Gad 


2 


Gad 


Gad — 2 


-^{dd) 





-1 





1 


^(oe) 


3 





3 


3 


g((ie) 















(A.39) 



where 

Gad > 2 (A.40) 



/I 





\ 








/I 











0\ 







1 














1 
















1 







U{1)2 - 










-1 








(A.41) 








1 

















-1 







Vo 





-a) 

























Field 


10m 


5m 


-f^u Hd 


X 


Q'L 












mi 


1 


-3 


-2 2 














(A.42) 




m2 


1 


1 


-2 -2 


2 


4 











—X^'^Q^L is allowed (A.43) 



Exotic Spectrum 



M 


N 


K 


L 








Gad 


2 



(A.44) 
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A.6 Model 6 



This is a 2+2+1 model with quadratic components C^"^ and C^'^^ and hnear component C'^^\ 

(A.45) 



where 







Singlet 


weight is A 


a — Ad 






M.C. 


G 


Fy 




(3,2)+i/6 


(3, l)-2/3 


lOH 


3 







3 




3 




3 


lOC'^) 























10(e) 























Matter Curve 


G 




Fy 


(3,1) 


+1/3 


(l,2)-l/2 






-G 


ad 


—Gad 


+ 1 


-G 


ad 


-1 


g(ad) 




Gad 


'^Gad 


- 2 


Gad 


2 — Gad 


-^{dd) 









—Gad 


+ 1 







Gad — 1 


^(oe) 




3 









3 




3 

























Gad>'2 



(I 











o\ 




/I 











o\ 





1 
















1 

















1 








U{1)2 ~ 








-1 

















1 
















-1 





Vo 















^0 











0/ 



Field 


10m 


5m Hu Hd 


X 






1 


-3 -2 2 










1 


1 -2 -2 


2 


4 



A 



-X^^Q-'^L is allowed 



(A.46) 



(A.47) 



(A.48) 



(A.49) 



(A.50) 

(A.51) 



Exotic Spectrum 
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L 








Gad 


2 



(A.52) 



34 



A.7 Model 7 



This is a 2+2+1 model with quadratic components C^"^ and C^'^^ and linear component C^^^ 



where 



Singlet weight is Aa — 



M.C. 


G 


Fy 


(1,1)+1 


(3,2)+i/6 


(3, l)-2/3 


lOH 


3 





3 


3 


3 


lOC'^) 

















10(e) 


















Matter Curve 


G 


Fy 


(3, l)+l/3 


(l,2)-l/2 







Gdd — 1 





1 — Gdd 




—Gdd 


2(1 - Gdd) 


—Gdd 


-2 + Gdd 


-^{dd) 


Gdd 


Gdd — 1 


Gdd 


1 


g(«e) 


3 





3 


3 


g((ie) 















Gdd>'2 



(I 





\ 








/I 











0\ 





1 














1 














1 







U{1)2 - 







- 


-1 














1 

















-1 





Vo 





-4.) 























Field 


10m 


5m 


Hu Hd 


X 


Q'L 










U{l)i 


1 


-3 


-2 2 


















1 


1 


-2 -2 


2 


4 









A 



-X^'^Q^L is allowed 



(A.53) 



(A.54) 



(A.55) 



(A.56) 



(A.57) 



(A.58) 

(A.59) 



Exotic Spectrum 



M 


N 


K 


L 








Gdd 


2 



(A.60) 
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A.8 Model 8 

This is a 2+2+1 model with quadratic components C^"^ and C^'^^ and hnear component C^^^ 

Singlet weight is Aa — (A. 61) 



M.C. 


G 


Fy 




(3,2)+i/6 


(3, l)-2/3 


lOH 


3 





3 


3 


3 


lOC'^) 

















10(e) 


















(A.62) 



Matter Curve 


G 


Fy 


(3, l)+l/3 


(l,2)-l/2 







1 





-1 


g(o<i) 


—Gdd 


-2 


—Gdd 


—Gdd + 2 




Gdd 


1 


Gdd 


G'dd — 1 


g(ae) 


3 





3 


3 


g(de) 















(A.63) 



where 

GdA > 2 (A.64) 



/I 
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/I 











0\ 
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1 







U{1)2 - 










-1 








(A.65) 
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-1 







Vo 





-a) 

























Field 


10m 


5m 


Hu Hd 


X 


Q'L 












mi 


1 


-3 


-2 2 














(A.66) 




m2 


1 


1 


-2 -2 


2 


4 











—X^'^Q^L is allowed (A.67) 



Exotic Spectrum 



M 


N 


K 


L 








Gdd 


2 



(A.68) 
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A.9 Model 9 

This is a 2+2+1 model with quadratic components C*^"^ and C^'^^ and hnear component C'^^\ 

Singlet weight is Ag — Xa (A. 69) 



M.C. 


G 


Fy 




(3,2)+i/6 


(3,l)-2/3 


10(«) o 10m 


3 + G 


Gaa + P+1 


3 + G + {Gaa + P + 1) 


3 + G 


3 + G'-(G'„„ + P + l) 


lOW 

















10(e) 


-G 


-{Gaa + P+1) 


-G-{Gaa + P+l) 


-G 


-G+{Gaa + P+l) 



(A.70) 



Matter Curve 


G 


Fy 


(3, l)+l/3 


(l,2)-l/2 




Gaa 


Gaa + 1 


Gaa 


-1 


■=-(a(i) 

5 


Gad 


P 


Gad 


Gad — -P 




3 





3 


3 




G(ja 


—Gaa — 1 


c 

^aa 


1 


g((ie) 


—Gad 


-P 


—Gad 


-{Gad - P) 



(A.71) 



where 

G„„>0 G„,>0 (G„<i-P)>0 G'>|G„„ + P+1| (A.72) 



/-2 





0\ 








/I 








o\ 




-2 














1 
















3 







t^(l)2 







1 








(A.73) 
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1 







\ 





-V 








\0 












Field 


10m 


5m 


Hu 






Q^L 












-2 


6 


4 


-4 














(A.74) 


U{1)2 


1 


2 


-2 


-3 


-5 


5 











1 

A2 



XQ^L is allowed 



(A.75) 



Exotic Spectrum 



M 


N 


K 


L 


G 


Gaa + P+l 


Gaa + Gad 


Gaa + P 



(A.76) 
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A.IO Model 10 

This is a 3+1+1 model with cubic component C*^"^ and hnear components C^''^ and C'^^\ 

Singlet weight is — Xa (A. 77) 



M.C. 


G 


Fy 




(3,2)+i/6 


(3, l)-2/3 


10(°) ^ 10m 
10(d) 

10(e) 


3 + G 
-G 



Gaa + l 

-{Gaa + 1) 




3 + G + (G'„„ + l) 

-G- (Gaa + l) 




3 + G 
-G 



3 + G'-(G'„„ + l) 

-G+(G,a + l) 




(A. 78) 



Matter Curve 


G 


Fy 


(3, l)+l/3 


(l,2)-l/2 




Gaa 


Gaa + l 


Gaa 


-1 




Gaa 


—Gaa — 1 


—Gaa 


1 


■=r(ae) ■=- 

5' ^ 5m 


3 + G 





3 + G 


3 + G 




-G 





-G 


-G 



where 

G'a„>0 G'>0 G'>|G'„„ + 1| (A.80) 



/I 

10 

10 

1 

\0 



Field 



U{1)2 



10 



M 



o\ 





-V 

5m 



C/(l), 



/I 

1 

1 



\0 



1 
1 

1 

A2 



-3 
1 



-2 
-2 








4 



XQ^L is allowed 









0\ 









(A.81) 



(A.82) 
(A.83) 



Exotic Spectrum 
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K 
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G 


Gaa + l 


Gaa + G 


Gaa 



(A.84) 
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B Exotic Spectra 



In this appendix, we use the Dudas-Palti relations (12. ip to derive the constraint f l2.20p on 
the exotic spectrum. What makes this somewhat tricky is that we are not interested in net 
chirahties of exotics but rather the number of vector-hke pairs that we get by summing the 
exotic spectra from different matter curves. 

Consider, for instance, the set of exotics that locahze on a 5 matter curve, The chiral 
spectrum is determined by two integers, fco and i^, that encode the bulk flux and "hypercharge 
flux" as in fl2.13p and fl2.14p . Because ki and ij carry information about chirality, though, we 
cannot determine the net spectrum by simply summing them over all 5 matter curves. This 
sum will yield the net chirality of exotics, which vanishes, rather than the net number of doublet 
or triplet pairs. To get information about the net spectrum itself, we need to compute weighted 
sums 

(^{3,l)+i/3 - ^(3,l)-i/3) and 1i (^^(1,2)^1/2 - ^{1,2)+V2) ' 

5 matter curves, i 5 matter curves, i 

(B.l) 

where qi is the U{1) charge associated to the 5 fields on a given 5 matter curve. Eg j. The U{1) 
charge of doublets and triplets from the 5 is qa while the U{1) charge of doublets and triplets 
from the 5 is —qa- This means that the above computes the net number of doublets and triplets 
weighted not by their chirality but rather by their U{1) charge 



rips,p 



ter curves, i Triplets of 

charge Qp 



5 matter curves, i Doublets of 

charge Qp 

where ndoubs,p and ntrips,p count the number of doublets or triplets irrespective of their chiralities. 
Let us emphasize this by writing 

?^doubs,p > ntrips,p > . (B.3) 

Now, using (I2.14P we recognize the difference of the right-hand sides in ( ]B.2p as nothing other 
than the right-hand-side of the Dudas-Palti relations (12. ip 

Y <5p^trips,p- Y '^g^doubs.g = Y ('^(3,l)+i/3 - ^(3,l)-i/3) ^ ('^(l,2).i/2 " ^(l,2)+i/2 

Triplet Doublet 5 matter curves, i 

charges Qp charges Qg 



Y Q^ Fy 

5 matter curves, i 5 



(B.4) 
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We can use similar reasoning to relate the left-hand-side of the Dudas-Palti relations (12. ip to 
the weighted spectra of exotics that arise from 10 matter curves. To write the result, we use 
^(i,i),p to denote the net number of (1, l)+i's and (1, l)_i's of charge Qp and n(3,2),p and ?T-(3,i),p 
for the similar numbers of (3, 2)+i/6's/ (3, 2)_i/6's and (3, l)_2/3/(3, l)+2/3's, respectively. With 
this notation, we find two relations 



(1,1) or cc 
charges Qp 



(3,2) or cc 
charges, Qq 



10 matter curves, a 



tter cr 

E 



(n(i,i)+, - n(i,i)_ J - ( n(3,2)+i/6 - ^(3,2)_i 



1/6, 



10 matter curves, a 



(a) 



(B.5) 



Qpn(3,2),p - 



g'^Cs,!),? 



(3,2) or cc 
charges, Qp 



(3,1) or cc 
charges, Qq 



10 matter curves, a 



E 

tter ci 

E 



^(3,2)+i/6 - ^(3,2)_i/e 



^(3,l)_2/3 - ^(3,l)+2/3 



10 matter curves, a 



(a) 



(B.6) 

Note that the right-hand-sides of both ( IB. 51) and ( IB. 61) are equivalent because the spectrum on 
each 10 matter curve in fl2.13p is controlled by two integers rather than three. In the end, we 
conclude that the Dudas-Palti relations have the following direct effect on the non-GUT part 
of the spectrum 



^ ^ Qp^tTips,p ^ ^ Q q^do\ihs,q ^ ^ Qp^(l,l),' 



Triplet 
charges Qp 



Doublet 
charges Qq 



(1,1) or cc 
charges Qp 



Qqn{3,2),p 

(3,2) or cc 
charges, Qq 



<5p'^(3,2),p - 5Z 



(B.7) 



q^{'i,i),q 



(3,2) or cc 
charges, Qp 



(3,1) or cc 
charges, Qq 



Equation f l2.20p is nothing more than a suggestive way of writing these relations. To derive it, 
let us assume as in section [Z3] that that the exotics get their masses from a cubic superpotential 
of the form 



(B.8) 



^ ^ /exotic, jj /exotic, ij 
- J 

in which it is assumed that each exotic multiplet appears exactly once. As discussed in section 
\2.'i\ this superpotential must be a subset of the full superpotential since we assume all exotics 
are lifted from the spectrum. Restricting to the couplings in Wq allows us to unambiguously 
split the exotics into groups according to the singlets that they couple tc@. For each singlet 



"'^^Of course there may not be a unique way to choose Wq in the end. We assume in this Appendix that a 
specific choice has been made. 
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X, in fiRS 



J, then, we parametrize the set of vector-hke exotics that it couples to in ( IB.SP as in 



^{1,1)4 


1 


= M, + Pi 


'^{3,2)_i/6 


+ ^(3,2)+i/6 


= M, 


^(3,l)-2/3 


+ ^(3,l)+2/3 


= Mi-Ni 


'^(3,l) + l/3 


+ '^(3,l)-l/3 


= K, 


^(l,2)_i/2 


+ ^(l,2)+i/2 


= Ki-Li 



(B.9) 



We can now rewrite fIB.Tp using the fact that the U{1) charges of any two fields that couple to 
Xj must sum to minus the charge of Xj, —QXi- Remembering to add in the contribution from 
Hu and H^, which are not lifted by assumption, we find that (]B.7|) becomes 

Singlets, i Singlets, i , , 

(B.IU) 



Singlets, i 



which is nothing other than (12.201) . 



C Engineering Solutions to the Dudas-Palti Relations 

Once we have arrived at the condition ( ]3.34p . it is natural to ask if it represents the only 
constraint on the distribution of hypercharge flux in spectral cover models. There are, of 
course, two additional conditions that we encountered earlier but repeat again here for clarity 

FyJ2^to=FyJ2^f (C.l) 



While f l3.34p reflects the cancellation of mixed MSSM and U{1) anomalies [H], ( IC.ip reflects 



the cancellation of pure MSSM anomalies that involve U{1)y- We would like to claim that 
fl3.34p and (IC.ip . which can both be understood as a consequence of 4-dimensional anomaly 
cancellation, represent the only nontrivial restrictions on the distribution of hypercharge flux in 
spectral cover models. More specifically, we will present "in principle" constructions of spectral 
cover models with up to 2 U{1) symmetries that realize the most generic hypercharge flux 
distributions allowed by f l3.34p and fIC.ip . Such constructions are only models "in principle" 
because we will be forced to introduce a variety of new sections; one must always check that 
these sections actually exist for a given choice of Sqvt and normal bundle. In some cases, we 
will also have to make some assumptions about the vanishing locus of pairs of sections in order 
to avoid singularities that are not of Kodaira type. Further restrictions that extend f l3.34p and 
( IC.ip may arise if we make special requirements of S'gut, for instance if we insist that it be a 
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del Pezzo surface, or the normal bundle of S'gut inside B^. We view these as "model-building" 
restrictions, however, as opposed to physical obstructions like f l3.34p and (1C.1|) . 

We now proceed to construct models with one and two U{1) symmetries. The models with 
two U{1) symmetries represent generalizations of the constructions in [T2] . 



C.l Models with one U{1) Symmetry 

We begin by considering models that engineer a single U{1) symmetry. Many explicit models 
of this type have been constructed in the literature in both the local and global settings |29l 
El [71 HH [301 ED [331 EH EE] . The spectral cover must factor into two components in order to 
realize a single U{1) symmetry. These are two possibilities for how this occurs and we treat 
each one in turn. 



C.1.1 4+1 Factorization 

We begin with a factorization into a quartic and linear piece 

C4+1 = C'-^'^C^ = [a^V^ + a^V^U + a2V^U^ + a^VU^ + aoU^) {eiV + e^U) . (C.2) 

In general, there will be two 10 matter curves and two 5 matter curves in such a model. 
The most general distribution of hypercharge flux consistent with (13.341) and (IC.ll) is easy to 
determine and is described below 



Matter Curve 


Origin 


Fy 


10(4) 


C(4) 


-N 


10(1) 




N 


g(44) 


C(4) _ (3(4) 


-N 


5(41) 


C(4) _ 


N 



(C.3) 



We now describe a spectral cover construction capable of yielding precisely this configuration 
of hypercharge flux. In addition to choosing the sections and e„, we also have one choice of 
bundle that can be thought of as choosing the topological class of say . More specifically, 
we take the and e„ to be sections of the bundles described below 



Section 


Bundle 




T] - {m + l)ci - ^ 




(l-ri)ci + e 



(C.4) 



As we saw in fl3.18p . the hypercharge flux is orthogonal to both rj and Ci but it need not be 
orthogonal to ^. In principle, then, we can have 



Fy-^ = N 



(C.5) 
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for any integer N. It is in this way that we can distribute hypercharge flux along the matter 
curves. To actually construct a model, however, we must first solve the traceless condition 
bi = which, in this case, amounts to 



cneo + floei = - 



(C.6) 



To avoid a non-Kodaira type singularity, we are actually forced to assume that ei and cq do 
not simultaneously vanish anywhere 

[eo] ■ [ei] = (C.7) 

so ei must divide ai and, correspondingly, eo must divide ao- We are therefore forced to 
introduce a new section a in terms of which 



ao = aeo 



ai 



-aei . 



We see that a must be a section of r] — 2ci — 2^. 

With this, we now turn to the structure of our four matter curves 



Matter Curve 


Origin 


Equation 


Class 


Fy 


10(4) 


C(4) 


a4 


7] - 


- 5ci — 




-N 


10(1) 


C(i) 


ei 








N 


^(44) 


(3(4) _ (3(4) 


a^eo + 020361 + a^ela 


2r] 


-7ci- 




-N 


5(41) 


(3(4) _ (3(1) 


a^el + 036061 + 026^ 


V - 


-3ci + 




N 



(C.9) 



This gives an explicit realization of the hypercharge flux distribution in (IC.Sp . To make every- 
thing completely explicit, we now list all of the sections that are needed to build the model 
along with the corresponding bundles 



Section 


Bundle 




T] - {m + l)ci - ^ 




(l-n)ci + e 


a 


r]-2ci- 2^ 



(C.IO) 



where m runs from to 4 and n from to 1. To obtain an actual model, we must specify a 
complex surface S'gut along with bundles r] and ^ subject to the assumption that holomorphic 
sections in (IC.IOP all exist. By this, we mean that the bundles appearing in (IC.lOP must all 
admit honest holomorphic sections. To avoid non-Kodaira type singularities, we must also 
require that 

[eo] ■ [ei] = (C.ll) 

or equivalently 

ci(ci + 0=0 (C.12) 
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C.1.2 3+2 Factorization 

We now consider a factorization of C into cubic and quadratic pieces 

C3+2 = C(3)C(') = (asV' + a2V^U + a^VU^ + aof/') (eal^' + ei\/f/ + e^U^) . (C.13) 

Here, we expect to find two 10 matter curves and tliree 5 matter curves. Tlie most general 
distribution of hypercharge flux consistent with fl3.34p and (1C.1I) is given by 



Matter Curve 


Origin 




10(3) 


C(3) 


-M- 


10(2) 


C(2) 


M + AT 


5(33) 


C(3) _ (3(3) 


-M 


5(32) 


C(3) _ C(2) 


M-N 


5(22) 


C(2) _ (^(2) 


N 



At first glance, it seems difficult to realize a two-parameter family of hypercharge flux distri- 
butions because it seems that we only have the freedom to introduce one new bundle, ^, which 
determines the relative class between the factors C^^^ and C^'^K A closer glance at the traceless 
condition, however, will suggest additional freedom. This condition takes a similar form to the 
previous example 

0160 + 0061 = 0, (C.15) 

but here it is no longer necessary to require that Co and Ci have no common zeroes. In particular, 
this means that ei need not divide Oi. We are free to take ei to be a product of the form ei = AB 
where A divides Cq and B divides Oi, leading to the solution 

Co 
ei 
oo 

Oi 

In choosing a bundle for A we have introduced a new parameter into the game. Let us make 
everything explicit by writing all sections and their corresponding bundles 



Section 


Bundle 


03 


T] 


- 5ci - 


-^B 


02 


V 


- 4ci - U 


-^B 


Oi 


V - 


- 3ci - - 




62 




U + ^B 




eo 




Cl +^B 




A 




Cl + 




B 









(C.17) 



eoA 
AB 

-OlCo 

diB 



(C.16) 
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The structure of our five matter curves is now easily determined 



Matter Curve 


Origin 


Equation 


Class 


Fy 


10(3) 


C(3) 


as 




-M -N 


10(2) 


C(2) 




U + iB 


M + N 


5(33) 




a2-B + asCo 


T]-ACi- U 


-M 


5(32) 


C(3) - C(2) 


asv43(a2-B + asCo) + A2e2(a2 + aia^B) 










+2aia2Ael + dfel 


2r] - 6ci + ^A-^B 


M-N 


g(22) 


C(2) - C(2) 


B 


^B 


N 



(C.18) 
where we defined 

M = Fy-U N = Fy-^b. (C.19) 

The entire 2-parameter family of solutions to fl3.34p and (IC.ip has therefore emerged. Note 

that this family includes solutions with M + N = that have no hypercharge flux on any 10 

matter curves despite having hypercharge flux threading some 5 matter curves. This possibility 

was missed in [6] but arises here for a relatively simple reason. In [6] , it was assumed that only 

the relative class of the spectral cover components could affect the structure of matter curves. 

(22) 

Here, we see another way to adjust the relative classes of matter curves. Nominally, the 5 
matter curve would be given by ci = but, when cq and Ci have A as a common factor, the 
A = part of that curve moves off to 00. A corresponding factor then moves in 'from 00' to 
contribute to S^'^^Q Through this type of phenomenon the 5 matter curves are able to depend 
on combinations of and C,b that are different from the sum C,a + ^b that enters into the 10 
matter curves. 

As usual, to build explicit models we will need to choose Squt, ^a, and subject to some 
assumptions. In this case, all of the holomorphic sections in fIC.lTp must exist and, further, we 
must have that 

U-{U + ^b) = (C.20) 
in order to avoid the non-Kodaira type singularities that arise wherever A = 62 = 0. 

C.2 Models with two U{1) Symmetries 

We now turn to models that exhibit 2 U{1) symmetries. We again have two possibilities for 
the factorization structure that we consider in turn. 

C.2.1 2+2+1 

We begin with a factorization into two quadratic pieces and a linear piece 

C2+2+1 = C(2)C(2')C(1) = {a2V^ + aiVU + a^U^) (daV^' + d^VU + d^U^) {e^V + e^U) . (C.21) 

-'^^In other words, different ways of solving the traceless condition can allow us to adjust how the component 
at 00 of C^^) • r(C(^) + C(^)) is distributed between C^^) • rC^^^ and C^^) n tC^^\ Note that the net 'component 
at 00' for C^^) n r(C(^) + C^^)) cannot be similarly adjusted. 
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Here, we expect to find 3 10 matter curves and 5 5 matter curves. The most general distribution 
of hypercharge fiux consistent with fl3.34p and (IC.ip is given by 



Matter Curve 


Origin 


Fy 


10(2) 


C(2) 


-M -N 


10(2') 


(^(2/) 


M 


10(1) 


cw 


N 


5(22) 


cm _ 


-M -N-P 


5(2/2/) 


cm) - c(2') 


M-Q 


g(22/) 


cm _ cm 


P + Q 


5(21) 


cm _ 


M + N + P - Q 


5(2/1) 


cm) _ cm 


-M-P+Q 



(C.22) 



For models with multiple U{1) symmetries, the traceless condition becomes significantly more 
complicated. Here, it takes the form 



bi = aidoCo + rfiaoCo + eiaodo = . 
One simple way to get a solution is to set 

do = aoCo di = — aiCo — ao^i • 



(C.23) 



(C.24) 



We don't have much freedom to choose new bundles with this, though, so we take advantage 
of the scaling properties of ( 1C.23I) to construct from this another solution 



do = z/aoco 
Co = z/eo 

di = — fliCo — CiSo 



(C.25) 



It is easy to see that we will have two additional choices of bundle with this solution. To get 
a few more, let us use the trick that we learned from the 3+2 factorization in section IC.1.21 
There, we learned that we can adjust 5 matter curves by splitting them into components and 
using our solution to the traceless condition to move various components to and from 00. In 

(22) (2/2/) 

this case, the matter curves 5 and 5 are given by the equations ai = and di = 0, 
respectively. We can move a component off to 00 by allowing ai and oq (respectively di and do) 
to have a common factor. This will introduce a topological tuning because this factor cannot 
have any simultaneous zeroes with 02 (^2) but this is something we will have to live with. From 
the scaling of flC.25p . we can start with any solution and obtain a new one by simultaneously 
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rescaling both ai and (respectively di and do). We therefore arrive at the following solution 



ao = lydoda 

ai = di6a 

do = i^doCoSd 

di = -5d (aico + eido) 

Co = i^eo 

It is now a simple matter to write out the sections 



(C.26) 



Section 


Bundle 




- 5ci - ^1 - ^2 


di 


r/ - 4ci - 6 - 6 - 


do 


ci - Arf + ^1 - 6 




A, 


d2 




Sd 


A, 


ei 




eo 


5ci + 2^1 + 6 + Aa - Arf - r/ 


V 


- 4ci - 2^1 + Arf - A, 



(C.27) 



and work out the matter curves 



Matter Curve 


Origin 


Equation 


Class 


Fy 


10(2) 


C(2) 


02 


?7 - 5ci - ^1 - 6 


-M -N 


10(2') 


(3(2/) 


d2 


6 


M 


10« 


C(i) 


ei 




N 


5(22) 


c:(2) _ c(2) 


Si 


77 - 4ci - ^1 - ^2 - Aa 


-M ~N-P 


5(2/2/) 


C(2') _ (3(2/) 


(aico + e\do) 


ci - Ad + ^1 


M-Q 


g(2 2,) 


C{2) _ (3(2/) 


5a5dei{d2di6a - dia26deo - ao«25dei) 






5(21) 




-{d2Sa - a25deo)V 


T]-ACi + Aa + Ad 


P + Q 


C(2) _ 


0263// + 6aei{dieo + doCi) 


Cl + ^1 + 6 + Aa - Ad 


M + N + P -Q 


5(2/1) 


C(2/) _ c(i) 


d2y — diSdCi 


r]-4ci-^i- Aa + Ad 


-M~P+Q 



where 



M 
N 
P 

Q 



Fy ■ ^2 

FY-^a 
FY-Ad 



(C.28) 



(C.29) 



We have therefore managed to realize the entire 4-parameter family of solutions to fl3.34p and 
(IC.ip described in (]C.22p . As usual, however, any explicit model must satisfy a few assumptions. 
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In addition to requiring all of the holomorphic sections in (1C.27|1 to exist, we also need to ensure 
that 

M ■ [ei] = [eo] ■ [ei] = [a^] ■ [6a] = [d^] ■ [6^] = (C.30) 
in order to avoid non-Kodaira singularities. Equivalently, we need 



= (r/ - 4ci - 2^1 + Arf - A,) ■ 6 
= (5ci + 2^1 + 6 + Aa - Ad - r^) ■ ^2 
= ir]- 5ci - ^1 - 6) • A, 
= 6 ■ A2 = 



(C.31) 



Let us give an example of 2+2+1 factorization based on the 3-fold constructed in [20]. In 
this case S'gut = dP2 and t = h. We can choose 



^i = /i-ei, 6 = ei. 

Then, we obtain solutions 

A„ = ma{h - ei - 62) + UaCi + {nia - na)e2 
Ad = {ma - na){h - ci - 62) + Pde2 

Requiring that all bundles admit holomorhic sections we find constraints: 

< ma < 4, < < 2, < - < 2 

< < 3, Pd<l + - Ua, ma - Ua < 1 + Pd 

It is easy to find solutions of these constraints, for example: 

Pd = 0, ma = na + 1, 



Ha 



0,1,2. 



(C.32) 



(C.33) 



(C.34) 



(C.35) 



C.2.2 3+1+1 

Finally, let us turn to a factorization with a cubic piece and two linear pieces 

C3+1+1 = C^^^C^^^C^^') = {asV^ + a2V^U + a^VU^ + aof/^) {d^V + d^U) {dV + e^U) . (C.36) 

We expect to find 3 10 matter curves and 4 5 matter curves. The most general distribution of 
hypercharge flux consistent with fl3.34p and (IC.ip is given by 



Matter Curve 


Origin 


Fy 


10(3) 


C(3) 


-M -N 


10« 


C(i) 


M 


lO(i') 


C(i') 


N 


5(33) 


(3(3) _ (3(3) 


-2{M + N) -P 


5(31) 


C(3) _ c(i) 


2M + N + P 


^(31/) 


C(3) _ (3(1') 


M + 2N + P 


5(110 


C(i) - (3(1') 


-M -N-P 



(C.37) 
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The traceless constraint takes essentially the same form as the 2+2+1 example 



bi = aidoCo + diOoeo + eiaodo = , 
and we can start with a similar solution 

doCo tti = —diCo — doCi . 



ao 



(C.3J 



(C.39) 



We can now follow a similar procedure to the 2+2+1 example to construct more general so- 
lutions from this. In so doing, we have to be a bit careful because di and d^ cannot have 
simultaneous zeroes and similar for ci and Cq. To proceed, we first scale Gq, do, and Cq to get a 
solution of the form 



do 
eo 



udo 
z/eo 
doCou 



ai = -{dieo + doei) 

Now, we scale oq and oi to get the further solution 

do = udo 
eo = z/eo 

00 = SadoCoU 

01 = -SaidiCo + doCi] 

It is easy to write out the sections 



Section 


Bundle 


as 




77 - 5ci - ^1 - 6 






77 - 4ci - 6 - 6 


di 




6 


do 


V 


- 3ci - 6 - 26 - A„ 


ei 




6 


eo 


7] 


- 3ci - 26 - 6 - A, 


u 


4ci + 26 + 26 + Aa - 77 


5a 




A„ 



(C.40) 



(C.41) 



(C.42) 
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and work out the matter curves 



Matter Curve 


Origin 


Equation 


Class 


Fy 


10(3) 


c:(3) 


ag 


?7 - 5ci - 6 - 6 


-M -N 


10(1) 


C(i) 


c^i 


ei 


M 


lO(i') 


C(i') 


ei 




N 


^(33) 


C(3) _ (3(3) 


0-2(^160 + a2C?oei + a^doeou 


- 7ci - 2^ - 26 - A„ 


-2{M + N)-P 


5(31) 


C{3) _ c(i) 


d\6aei — a2div — a^d^v"^ 




2M + N + P 


g(31/) 


CO) _ c:(i') 


di6ael - z/(a2ei + aaCoz/) 


6 + 26 + A, 


M + 2N + P 


5(110 




dieo + doei 


- 3ci - 6 - 6 - Aa 


-M -N ~P 



where 



M = Fy ■ 6 
AT = Fy ■ 6 
P = FY-^a 



(C.43) 



(C.44) 



This reahzes the entire 3-parameter family of solutions to fl3.34l) and fIC.ip described in flC.37p . 
Again, any explicit model must satisfy a few assumptions. In addition to requiring all of the 
holomorphic sections in (1C.42P to exist, we also need to ensure that 

H ■ [rfi] = [v] ■ [ei] = [Jo] • [di] = [go] ■ [ei] = (C.45) 

in order to avoid non-Kodaira singularities. Equivalently, we need 

= (4ci + 26 + 26 + A, - r/) ■ 6 
= (4ci + 26 + 26 + A„-r7)-6 

= (r/-3ci-6-26-Aa)-6 ■ 
= (r/ - 3ci - 26 - 6 - A„) ■ 6 

Let us give an example of the 3+1+1 factorization based on the 3-fold constructed in [20] . 
In this case S'gut = dP2 and t = h. We can choose 



6 = /i - ei - 62, 



6 = ei 



(C.47) 



Then, 



A„ = K + 2) (/i - ei - 62) + UaCi + 362 , (C.48) 
is a solution. Requiring that all bundles in eq 3.38 admit holomorhic sections we find: = 



1,2,3. 
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D Some Spectral Cover Technicalities 



In this appendix, we describe how to compute the 'components at oo' that must be removed 
from C^""^ ■ tC when computing matter curves for C'-"^ a component of the full spectral cover 
C. This is all well-known and we include this appendix only for illustration. Let us start by 
recalling the nature of the net component at oo. We can write generic 5-sheeted spectral cover 
as 

C = b^V^ + hiV^U + hV^U"^ + h2V'^U^ + hoU^ (D.l) 
The locus C n rC is described by the equations 

= U {boU^ + b2U^V^ + b,V^) 

= V' {b,u' + b,v') ^ ■ ^ 

The 10 matter curve is the solution 



Sio : f/ = 65 = (D.3) 

The 5 matter curve is given by 

: b^U^ + fost/V^ + biV^ = baU"^ + b^V^ = (D.4) 

which is easily seen to be a 2-sheeted cover of the curve bobf — &2&3&5 + b^b^ = inside Sqvt- 
What remains is the 'component at 00' that must be subtracted off, namely 

3x[V = bo = 0] (D.5) 

where we have explicitly indicated the multiplicity of 3 with which this component appears. 
The homological class of this component is simpl}o 

SfJoo • 7r*?7 (D.6) 

Let us now turn to C*^"-* fl tC for components C^*^-* of varying degree n. In general, we can write 
such a component as 

+ . . . + rfot/" (D.7) 



^•^Note that we could, in principle, artifically move some parts of Sg off to infinity by allowing bo and 63 to 
have common factors. There are several reasons to expect that this does not change our identification of the 
part of C n rC that corresponds to Eg. In particular, even though we artifically moved some component of Eg- 
off to 00, that component should still be considered part of the 5 matter curve. One can see this by looking at 
the singularity structure of the local Calabi-Yau geometry that the bm specify as the equation for the SU (6) 
enhancement locus does not change when 63 and bo have a common factor. Alternatively, we can look directly 
at the antisymmetric spectral cover, C\2^, in terms of which the 5 matter curve is just Cj^2^ ■ a |38| . Nothing 
special happens when 63 and fog carry a common factor other than the splitting of this matter curve into a few 
components. In what follows we will just assume generic 63 and 60 ■ Similar concerns enter when discussing the 
so-called 'components at 00' associated to C^°^ fl rC below. 
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(D.12) 



for some sections dm- The net homological class of C-"^ is 

C(") =na + 7T*^n (D.8) 

where do is a section of the bundle on S'gut- What we want to see explicitly is that the 
'component at oo' of C^"-* fl tC that must be removed in the course of computing matter curves 
is simply 

3(Too ■ TT*^n (D.9) 

Since the full spectral cover C is in the class 

C = 5a + 71*7] (D.IO) 

we know that 

components 

D.l Linear and Quartic Components 

Let us now start by considering a linear component C-^-* so that 

C = {diV + doU) {a^V^ + a^V^U + a2V^U^ + aiVU^ + aoU^) 
C(i) = diV + doU 
The traceless condition implies that 

aido + aodi = (D.13) 

Note that the quartic piece could factor further. Whether or not this actually happens, though, 
will not have any effect on the analysis that follows. We can study C-^^ fl tC by starting with 
tC and repeatedly utilizing the relations doU = —diV and aido + ao(ii = 0. Doing this, we find 
an explicit equation for C^^-* fl rC that takes the form 

= doU + diV 

= diV^ (aaf/ - a^UV + a^V^) ^ ' 
From this, we see that the 'component at oo' is simply 

3 X [1/ = rfo = 0] (D.15) 

which is in the class 

Sdoo ■ vr*ei (D.16) 

We can also immediately read off the component at oo of C*-^-* ■ rC since we can just take C^^^ 
to be the quartic factor in ( ]D.12[) . With our above analysis, it is clear that it is in the class 

3(Too • 71"* - 6) = 3(Too ■ vr*^4 (D.17) 

because + ^4 = ?7 from ( ID. lip . We can also write directly the equations for C*^^-* fl rC as 

= aof/^ + aif/V + asf/V^ + a^UV'^ + a^V^ 

fD 18) 



from which (ID.ITD also follows. 
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D.2 Quadratic and Cubic Components 

Let us now turn to the cases of quadratic and cubic factors C^^^ and C^^\ To study a quadratic 
factor C(2) we write 

C = {a2V^ + aiVU + aoU^){e3V'' + e2V^U + eiVU^ + eoU"") 
C:(2) = a2V^ + aiVU + aot/^ 

where traceless tells us that 

aico + aoCi = (D.20) 

The cubic piece could factor further but this will not affect the analysis that follows for C'^'^\ 
We can now write simple equations for C*^^-* fl tC by starting with tC and repeatedly using the 
defining equation for C as well as the traceless condition f lD.20p to further simplify things. In 
the end, we find 



= a^U'^ + aiUV + a2V'^ 
= (-(20261 + 20162 + ao63)f/^ + aie^UV - 0363 1/^) 



(D.21) 



The part that must be subtracted when determining matter curves is precisely 

3 X [V = ao = 0] (D.22) 

which is in the class 

3aoo ■ 7r*6 (D.23) 

Now, it is a simple matter to compute C^^^ ■ rC. The reasoning above does not depend on 
whether C*-^^ factors further so we know that the component at 00 that must be removed from 
C(3) . tC is just 

3aoo-vr*(r7-e2) = 3(Too -71*^3 (D.24) 
We can also write directly the equations for C^'^^ fl tC as 

= aoU^ + aif/V + a2UV^ + asV^ 

(D.25) 

= ((ai62 + 0063 + a26i)f/^ + 0263!^^) 
from which (1D.24P also follows. 



E Survey 

This appendix gives a detailed list of properties of the models and an account of how we arrived 
at the list of models given in the survey in Appendix [XI Recall that we consider models with 
two U{1) symmetries, and thus there are two types of factorizations of the spectral cover, i.e. 
2+2+1 and 3+1+1, which we now discuss in turn. 
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E.l 2+2+1 



We now discuss in detail how we arrive at the models in Appendix |Al We begin with the 
spectral covers that factor as 2 + 2 + 1. A generic solution to the Dudas-Palti relations here 
takes the form 



Matter Curve 


Fy 




-M - N 


low 


M 




N 


■=-{aa) 

5 


-M -N-P 


■g-(ad) 


P + Q 


■^(dd) 


M~Q 


g(ae) 


M+N+P-Q 


g(de) 


-M-P+Q 



(E.l) 



There are three types of charged singlets that can break one of our f/(l)'s through an 
expectation value. In turn, they have weights ±(Aa — A^), ±(Aa — Ag), and ±{\d — Ag). To make 
our analysis systematic, we will consider in turn what kind of models we can get by letting one 
of these singlets pick up a nonzero vev. The second and third cases are related by symmetry 
so it will be sufficient to consider only the first two. 

E.1.1 Singlet with weight A^ — A^ 

A singlet with weight ±(Aa — A^) will be unable to lift any exotics on the lO*-*^^ curve so we 
must set = 0. Doing this, the spectrum on each matter curve is as follows 



Matter Curve 




(3,2)+i/6 


(3, l)-2/3 




Ga - M 


Ga 


Ga + M 




Gd + M 


Gd 


Gd-M 




Ge 


Ge 


Ge 


Matter Curve 


(3, l)+l/3 


(1,2 


)-l/2 


-^{aa) 


Gaa 


Gaa + M + P 


-p-(ad) 

5 


Gad 


Gad — 


P-Q 


-^(dd) 


Gdd 


Gm + Q-M 




Gae 


Gae + Q 


-M-P 


^(de) 


Gde 


Gde + M + P-Q 



(E.2) 



(E.3) 



We must put 10a/ on one of lO*^"^^ or lO*^*^^. Without loss of generality, let us put it on 10*^"^. 
This means that 5h must live on the curve s*-""-*. 

Because all three generations of 10m live on lO*-"-*, any exotics that localize there must have 
the same chirality as the 10^/ fields. We therefore have two choices. If there are exotics on 
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10*^"\ then in order to lift them the sign of our singlet weight is fixed to 



Weight of singlet is — Xa (E-4) 

We shall investigate this possibility for now and return to the case — A^ with no exotics on 
10^") later. 

When the singlet weight is \d — Xa, the allowed mass terms are 

XIO^'^W^ + rf"")5("'^) + xt'"'^5^'^'^ + xt'^'^S^'^^ (E.5) 

To get a top Yukawa coupling we must put on s*-"'*-'. There can be no excess of up-type 
doublets because they do not participate in the allowed mass coupling. We therefore see that 

Gaa + M + P^-1 (E.6) 

For the assignments of the remaining 5 matter curves there are several possibilities. Note, 
however, that the net chirahty of both doublets and triplets on 5^"^'' and S^'^^^ is vanishing. This 
means that 5h must lie on S^"''^ or 5^'^''^ In each case, the assignment of 5m is fixed by the 
desire to get a down type Yukawa coupling. We consider each of these possibilities in turn. 

. 5m ^ 5^'^^ and 5^ ^ t"'^ 

In this case we need three 5's on 5*^'^*^''. There can be no excess of 5's there because they 
do not participate in the mass term. As a result, we have 

Gde^S Gae^O Q^M + P (E.7) 

We need at least one down-type doublet on 5^"''^ to play the role of Hd- There can be an 
excess of these doublets in principle because they can be lifted through the mass term. 
The net chirality on 5*^"'^'* and 5^'^'^^ has to be though so we find 

[Gdd + Q-M] + [Gad-P-Q]^l =^ Gdd + G,d-Q^l (E.8) 

Turning now to the triplets, there are two cases to consider. We can have down-type 
triplets on 5*'"'^'* that pair with up-type triplets on In this case, we cannot have 

any triplets on s*-""-*. The other option is to have up-type triplets on 5*-"'^-' that pair up 
with down- type triplets on 5^""\ in this case, we cannot have any triplets on 5^'^'^\ vVe 
summarize the two cases below. 

— Down- type triplets on 5''"'^'' 
In this case, we must have 

Gad = -Gdd > Gaa^O (E.9) 
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g = -1 



The condition (lE.SP becomes 
while ( lE.Gp imphes 

M + P = -1 

which is consistent with flE.7|) . Summarizing, we have 



(E.IO) 
(E.ll) 



Matter Curve 


G 


Fy 




(3,2)+i/6 


(3, l)-2/3 




3 + G 


P + 1 


3 + G + (P+l) 


S + G 


3 + G- (P + 1) 


low 


-G 


-{P + ^) 


-G - (P + 1) 


-G 


-G + (P+1) 


10^ 


















Matter Curve 


G 


Fy 


(3, l)+l/3 


(l,2)_l/2 


-=-(aa) 

5 





1 





-1 


-(ad) 


Gad 


P- 1 


Gad 


{Gad - P) + 1 


-^{dd) 


—Gad 


-P 


—Gad 


-(G,rf - P) 


■^(ae) 
















3 





3 


3 



(E.12) 



(E.13) 



where 



Gad>^ 

{ad) 



Up-type triplets on 5 
In this case, we must have 



Gn 



{Gad-P)>0 G>\P+1\ 

= —Gad > Gdd = 
Gaa = -{Q + 1) 



The condition (lE.SP becomes 
while (IE.6P implies 

G,, = -(M + P + 1) 
which is consistent with (]E.7p . Summarizing, we have 



(E.14) 

(E.15) 
(E.16) 
(E.17) 



M.C. 


G 


Fy 


(1,1) 


+1 


(3,2)+i/6 


(3, l)-2/3 




3 + G 


P + Gaa + 1 


3 + G + (P + G,, + 1) 


3 + G 


3 + G - (P + G,, + 1) 


10('^) 


-G 


-{P + G 


aa + l) 


-G- (P + 


Gaa + 1) 


-G 


-G+(P + G,„ + 1) 


lQ(e) 























Matter Curve 


G 


Fy 


(3,l)+l/3 


(l,2)-l/2 


(E.18) 






=-(aa) 

5 


Gaa 


1 + Gaa 


Gaa 


-1 








■=-(ad) 

5 

^(dd) 


Gaa 




P — 1 — Gaa 
-P 


Gaa 




1 - P 
P 


(E.19) 






-^(ae) 




















-^(de) 


3 





3 


3 
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where 

Gaa>0 (-P)>0 G>\P + Gaa + l\ (E.20) 

. 5^ ^ 5(-) and 5^ ^ 5^""^ 

With this assignment, we need one down type doublet on 5^°'°'^ and there can be no excess 
of these doublets because they do not participate in the mass term. This means that 

Gdd + Q-M = l (E.21) 

in addition to the condition we had before from up-type doublets on S^"*^-* 

Gaa + P + M = -1. (E.22) 

Our 5m's sit on 5^""^^ There can be an excess of down-type doublets and triplets here 
because they can be paired with up-type doublets and triplets on 5'^'^^^. In general, we 
must have 

Gae = 5 + G Gde = -G G > Q > M + P = -{I + Gaa) (E.23) 
where we included the information from (]E.6p . 

Turning to the triplets, we again have two cases depending on whether 5^'^'^^ houses up- 
or down-type triplets. 

— Down-type triplets on 5*'"'^^ 
In this case, we must have 

Gad = -Gm > Gaa = 0. (E.24) 

The resulting fluxes and spectra are 



M.C. 


G 


Fy 




(3,2)+i/6 


(3,l)-2/3 


io(«) 


S + G 


P + 1 


3 + 6-+ (P + 1) 


3 + 6- 


3 + 6- -(P + 1) 




-G 


-{P + ^) 


-G-(P+1) 


-G 


-G + (P + 1) 


10('=) 


















(E.25) 



Matter Curve 


G 


Fy 


(3, l)+l/3 


(l,2)-l/2 


-=-{aa) 

5 





1 





-1 


-=-(ad) 

5 


Gad 


Gad 


Gad 





-^[dd) 


—Gad 


— Gad — 1 


—Gad 


1 




3 + 6 


P — Gad — 1 


3 + 6 


3 + G + + 1 - P 


-^(de) 


-G 


-P + G,, + 1 


-G 


— G — Gad — 1 + P 



(E.26) 



where 



Gad>0 G>0 G + Garf + 1-P>0 G>|P + 1|. (E.27) 
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— Up- type triplets on 5 " In this case, we must have 

Gaa = -Gad > Odd ^ (E.28) 
The resulting fluxes and spectra are 



M.C. 


G 


Fy 




(3,2)+i/6 


(3, l)-2/3 


io(«) 


3 + G 


Gaa + P+1 


3 + G+ {Gaa + P+1) 


3 + G 


3 + G-{Gaa + P+l) 




-G 


-{Gaa + P+1) 


-G-(Gaa + P+l) 


-G 


-G+{Gaa + P+l 


lo(^) 


















(E.29) 



Matter Curve 


G 


Py 


(3,l)+l/3 


(l,2)-l/2 


D 


Gaa 


Gaa + 1 


Gaa 


-1 


■p-(ad) 
O 


Gaa 


Gaa 


r' 





-^{dd) 





-1 





1 




a + G 


P-1 


3 + G 


3 + G- (P - 1) 




-G 


-(P-1) 


-G 


-G + (P-1) 



(E.30) 



where 

G„a>0 G>0 G-(P-1)>0 G>|Ga„ + P+l|. (E.31) 
E.1.2 Singlet with weight Xa — \d 

Now that we have exhaustively analyzed the case where the singlet weight is — Aa, let us 
return to the other possibility 

The singlet weight is Aa — A^ (E.32) 

Because 10m is on lO*^"-*, any exotics on lO*-"-* must come from the 10 so that their weight is 
Aa and they cannot be lifted by our singlet. This means that we must choose 

M = N ^0 (E.33) 

Further, the allowed mass terms are 

For the assignments of 5^^ and 5m, there are several possibilities. Note that the net chirahty 
of both doublets and triplets are identical on 5^"^^ and 5*^'^^^ which can only pair up with one 
another via a mass term. This means that we cannot put Hd on either of these curves. We 
are also unable to put Hd on 5*^""^^ because down type doublets there can pair up with up type 
doublets on 5*^""^ via the mass term. As a result, our only option is 

5m ^ 5^"^ 5h ^ 5^''^ (E.35) 

There are now four choices depending on whether we have down type or up type triplets and 
doublets on 5^"''^ 
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(ad) 



• Down type triplets and down type doublets on 5 

In this case, we must have exactly 1 down type doublet and zero down type triplets on 
g(<^c() rpj^g chirality of doublets on 5^"'''* and 5^""^ must then be -1. We find 



Gad — —Gaa > Odd 
-^(ae) 







P = -1 



Q 



(E.36) 



Finally, wc note that exotics on 5 must come from the 5 because they represent an 
excess beyond the three generations of 5m that we put there. Among other things, this 
means that the U{1)y flux through S^"^'* and 5^''^'' must vanish 



P = 1 



(E.37) 



In the end, we have 



M.C. 


a 


Fy 




(3, 2)+i/6 


(3,l)-2/3 
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where 
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ad>2. 

-iad) 



(E.40) 



• Down type triplets and up type doublets on 5 

In this case, we must have exactly one up type doublet on 5*^""^ and zero triplets on 5*-'^'^^ 



Further, the net chirality of doublets on 5*^"'^'* and 5*''^'^'* must be +1. We find 



Gad — 



-Gaa > 



Gdd^O 



Gad + P^-1. 



(E.41) 



r(tte) 



Finally, we note that exotics on 5 must come from the 5 because they represent an 



excess beyond the three generations of 5^ that we put there. Among other things, this 

Gad-Q- 1. (E.42) 



means that the U{l)y fiux through 5^"^^ and S^''^^ must vanish 
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This leads to 
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where 



Gad > 2. 
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• Up type triplets and down type doublets on 5 



(aa) 



In this case, we must have zero triplets on 5 and exactly 1 down type doublet on 
g(dd) rpj^g chirahty of doublets on 5^""^ and 5^"^^ must be -1 while the net chirahty 
of triplets on 5^"*^^ and 5^'^^^ must be 0. This all leads to 
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Finally, wc note that exotics on 5 must come from the 5 because they represent an 
excess beyond the three generations of 5m that we put there. Among other things, this 



means that the U{1)y flux through 5 and 5^""'' must vanish 



This leads to 



i^"^^ and t""'^ 
P-l + Gdd^O. 
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where 



Gdd > 2. 



(E.50) 
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• Up type triplets and up type doublets on 5 

In this case, we must have triplets and 1 up type doublet on 5^""^ . The net chirality of 
triplets on S^"'''' and 5^'^'^'' must be while the net chirality of doublets must be 1. This 
leads to 

GM^-Gad>Q Gaa = ^ P = -1. (E.51) 

Finally, wc note that exotics on 5^"*^^ must come from the 5 because they represent an 
excess beyond the three generations of 5m that we put there. Among other things, this 
means that the U{1)y flux through 5^"^'* and 5^'^'^'' must vanish 

Q = -1. (E.52) 

This leads to 
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where 

Gdd > 2. (E.55) 
E.1.3 Singlet with weight ±{Xa - Xe) with 10m on 10(") 

Because our singlet treats states with weights Xa and Ae differently, the choice of where 10m 
fields localize becomes important. In this subsection, we take the 10m fields to localize on 
10("). We cannot lift any zero modes that locahze on 10('^^ so it better be that the flux there 
vanishes. This means that M — 0. The spectrum on each matter curve, in this case, is as 
follows 
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(E.56) 



61 



Matter Curve 


(3, l)+l/3 


(l,2)-l/2 




Gaa 


Gaa + N + P 


-^{ad) 


Gad 


Gad — P — Q 


-^{dd) 


Gdd 


Gdd + Q 


^(ae) 


Gae 


Gae + Q-N-P 


g(<ie) 


Gde 


Gde + P-Q 



(E.57) 



There are now two subcases depending on the sign of the singlet weight. 

• Singlet weight is Ae — Xa 

In this case, the allowed mass terms are 

Note that 5^'^'^^ does not participate in any mass couplings. 

Consider now the assignment of 5 matter curves. To get a top Yukawa coupling, we must 
get Hu from 5^"°"^. To get a bottom Yukawa coupling, we can then place 5m and 5h on 
either the pair 5^"'^^/5^'^^^ or the pair 5^"^)/5^'^'^\ 

Suppose first that we put 5m /5h on the pair 5^"'^^/5^'^^\ Because fields on these two 
curves can only get mass by pairing with one another, we see that the net chirality of 
triplets on both must be 3 while the net chirahty of doublets must be 4. This amounts 
to the conditions 

Gad + Gde = S, -2Q = 1. (E.59) 
Because Q is an integer, we see that there are no solutions. 

We are therefore forced to put 5m /5h on the pair ^'^"■'^^ ^ Regardless of which of 
the two possibilities for this assignment we have, the net chiralities of both doublets and 
triplets on 5*""'^'' and 5*"'^^'' must both vanish. Further, we know that all doublets and 
triplets on 5^'^'^'' must be down type in order to participate in the mass coupling while 
those on 5^*^^^ must be up-type. This means that 

Gad- Gde >0, Ga4-P>0: Q^O (E.60) 

Now, because Q = there can be no U{1)y flux threading 5^"^"^^ We are therefore forced 
to take 

5m ^5^""^ 5H^t'''\ (E.61) 

The down-type doublets on 5*^"^^ do not participate in the mass coupling so there must be 
exactly one of those. We can have up-type triplets there that become massive by coupling 
to down- type triplets on 5^""^ . Of course, the up- type doublets on 5^""^ do not enter into 
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the mass term so we better have exactly one of those as welL All of these conditions mean 
that 

Gaa = -Gae > 0, G„„ + iV + P = 1, Gae'N -P =-l (E.62) 

where these equations exhibit one redundancy. 

Taking everything together, the fluxes and spectra are as follows 

Gaa = -GoA > 0, Gdd = 0. (E.63) 
The resulting fluxes and spectra are 
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(E.65) 



where 

G'aa>0, G'„<i>0, (G'ad-P)>0, G > IG^^ + P + 1 1 . (E.66) 

• Singlet weight is — Ag 

In this case, we cannot lift any potential exotics on lO*-"-* since they must come from a 
10. As a result, we have 

= 0. (E.67) 

The mass terms of interest are therefore 

^g(ae)g(„a) ^ 5 (-^Je) g (ad) _ j^g gg-j 

As before, the presence of a top Yukawa coupling means that we must get i?„ from 5^""^. 
To get a bottom Yukawa coupling, we can then place 5m and bn on either the pair 

Suppose first that we put 5m /^h on the pair s^'^'^^/s^'^^^ Because fields on these two 
curves can only get mass by pairing with one another, we see that the net chirality of 
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triplets on both must be 3 while the net chirality of doublets must be 3+1=4. This 
amounts to the conditions 



Gad + G^ = 3, -2Q = 1. (E.69) 
Because Q is an integer, we see that there are no solutions. 

We are therefore forced to put ^m/^h on the pair ^^"-^^ Regardless of which of 
the two possibilities for this assignment we have, the net chiralities of both doublets and 
triplets on 5*''"^^ and 5*"'^'^'' must vanish. Further, we know that all doublets and triplets 
on 5^°''^^ must be up type in order to participate in the mass coupling while those on 5^*^^^ 
must be down type. This means that 

Gde + Gad > 0, Gde + P>0, G = 0. 



(E.70) 



Now, because Q — there can be no U{1)y flux threading 5^'^'^^ We are therefore forced 
to take 

5m ^5^""^ 5H^t'''\ (E.71) 

Any down type doublets on 5*^"^^ will pair with up type doublets on 5^""^ though, making 
it impossible to obtain massless and H^. We therefore conclude that 



There are no viable models with singlet weight Xa — Ag. 



(E.72) 



E.1.4 Singlet with weight ±(Aa - Ae) with 10m on lO^''^ 

As in the last case, we cannot have any exotics on lO'-'^-' so we must have M = 0. The spectrum 
on each matter curve with this choice is given by 
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(E.73) 



(E.74) 



The chiralities of exotics on 10^"^ can in principle be arbitrary so we cannot conclude 
anything about the sign of the singlet weight at this point. 
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Because 10m is on lO*-"-*, we must get from 5 . Further, we know that 5 docs not 
participate in any mass terms for either sign of the singlet weight. This means that we must 
have 

Gdd = Q = -1. (E.75) 
Let us turn now to the 5's. In order to get a down type Yukawa couphng wc must put 
5m and 5h on either ^'^"■"■^ j^^'^^^ q^. ^{^e) i^{ad) ^ Note that in neither case can fields on the 5m 
matter curve couple to bn matter curve through the mass term. Wherever we put 5m, it must 
be that the net chirality of doublets and triplets on this curve and the one that it couples to 
via the mass term is 3. Take a closer look at the curves that can be connected by singlet vevs, 
though 

-iaa) ^-(ae) -(ad) ^ -(de) _ ^^^^^^ 

The net chiralities of triplets and doublets on 5*'""'' and 5*'"^'' are Gaa + Cae and Gaa + Gae + Qi 
respectively. Since Q = —1, these can never be equivalent. Similarly, the net chiralities of 
triplets and doublets on 5*^"'^'* and 5^'^^'' are Gad + Gde and Gad + Gde — 2Q, respectively. Again, 
since Q = —1 these can never be equivalent. We therefore see that 

There are no viable models with singlet weight ± (Aa — Ag) and 10m on lO'-'^-'. (E.77) 



E.2 3+1+1 

A generic solution to the Dudas-Palti relations here takes the form 
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In order to get a top Yukawa coupling we must always realize 10m on 10^"^ and Hu on 
5 Without loss of generality, there are two choices of singlet weights that we can take as 
±(Aa — Xd) and ±(Ad — Ag). We treat each of these in turn. 

E.2.1 Singlet with weight ±{Xa - Xd) 

A singlet with this weight will be unable to lift any exotics on the lO*-^^ curve so we must set 

= 0. (E.79) 
Doing this, the spectrum we get on each matter curve is as follows 
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In addition, any exotics on 10^"^ must come from the 10 since they arise as excesses of zero 
modes in addition to the three generations of IOm's that locahze there. If we have any such 
exotics, the singlet weight must be 



Singlet weight is — Aa. 
We focus on this case for now, which gives rise to the mass terms 



(E.82) 



(E.83) 



Because Hu localizes on 5 and up type doublets do not participate in the mass term, the 

(E.84) 



number of doublet zero modes there must be exactly -1 

Gaa + 2M + P= -1 



To get a down type Yukawa coupling we must put 5h/5m on ^^^'^^ jf -^g 5^ on 

S^"'*'*, though, we encounter a problem. Fields on S^"'''* become massive by pairing with fields 
from s*-""-*^ where our Higgs doublet Hu lives. The net chirality of doublets on 5*^"'*'' and 5*'"^^ is 
equivalent to the net chirality of triplets, though, so it is impossible to get the desired spectrum, 
which has a net chirality of 3 triplets and 3-1=2 doublets. 

Suppose we instead put 5m on 5^"'^\ In this case, Hd goes on 5'-'"^^ Down type doublets on 
g{«<i) j^Q^ participate in the mass term, though, so we must have exactly 1 such zero mode 
there. This imphes that 



G'„,-(2M + P) = 1. 



(E.85) 



We can have up type triplets on 5^"*^^ that pair with down type triplets on 5*^""^ This leads to 
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Wc turn finally to the 5m fields on 5 . The net chirality of both doublets and triplets on 

Gde = -G, M + P = 0. (E.87) 



5^"''^^ and 5^'^^^ must be 3 which leads to 

Gae — S + G, 
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where 

G > 0. (E.88) 
In the end, we therefore find the following lone possibility for the spectrum and fiuxes 

Gaa = -Gad > 0, G^d = 0. (E.89) 
The resulting fluxes and spectra are 
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where 



Gaa > 0, 



G>\Gaa + l\- 



(E.92) 



G>0, 

Let us now return to the possibility of singlet weight — A^. In this case, we cannot lift 
any exotics from 10 curves so both M and N must vanish. The mass terms take the form 

jS^gMgCaa) ^ ^5^'^^^ 5 . (E.93) 

A top Yukawa coupling forces us to put on 5^""^ . A bottom Yukawa coupling then requires 
that 5h/5m be placed on ^'^"■''■^ Either way, we must have at least one non-exotic massless 
down type doublet on 5'-'"^''. Because of the mass term, we cannot simultaneously keep a massless 
up type doublet on 5^""^ and a massless down type doublet on 5^"'^'' so we conclude that 



There are no viable models with singlet weight Aa — A,^. 



(E.94) 



E.2.2 Singlet with weight ±{Xd - Xe) 

A singlet with this weight will be unable to lift any exotics on the 10^"^ curve so we must set 

M + N^O. (E.95) 
Doing this, the spectrum we get on each matter curve is as follows 
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When the singlet weight is ±(Ad — Ag), none of the fields on 5^""^ or s'"'^^'* can participate 
in any mass terms. Since we must have Hu on 5*'""'' in order to get a top Yukawa coupling we 
must take 

Gaa = P = -1. (E.98) 

When we do this, however, the zero modes on 5^'^^^ cannot comprise a complete GUT multiplet. 
We are therefore forced to put 5h on This is impossible, though, because the absence of 

triplets on 5^"^^^ forces 

Gde = (E.99) 
which, along with P = —1, leads to an up type doublet on 5^'^^\ We therefore see that 

There are no viable models with singlet weights ± {Xd — Ag). (E.lOO) 
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